Long-time behavior of 3 dimensional Ricci flow -- A: Generalizations of
  Perelman's long-time estimates by Bamler, Richard H.
ar
X
iv
:1
41
1.
66
55
v2
  [
ma
th.
DG
]  
22
 Ja
n 2
01
7
LONG-TIME BEHAVIOR OF 3 DIMENSIONAL RICCI FLOW
A: GENERALIZATIONS OF PERELMAN’S LONG-TIME
ESTIMATES
RICHARD H BAMLER
Abstract. This is the first of a series of papers on the long-time behavior of 3
dimensional Ricci flows with surgery. In this paper we first fix a notion of Ricci
flows with surgery, which will be used in this and the following three papers.
Then we review Perelman’s long-time estimates and generalize them to the case
in which the underlying manifold is allowed to have a boundary. Eventually,
making use of Perelman’s techniques, we prove new long-time estimates, which
hold whenever the metric is sufficiently collapsed.
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1. Introduction
In this paper, we first introduce a notion of Ricci flows with surgery, which
will be used throughout the whole series of papers (see section 2). We will also
mention known existence and extension results for such Ricci flows with surgery.
Then we review the long-time estimates of Perelman (cf [Per2]) using our notion
of Ricci flows with surgery (see section 3). For future purposes we include in this
discussion the case in which the underlying manifold is allowed to be non-compact
or has a boundary. The estimates in this more general case are of independent
interest. Eventually, we derive new long-time estimates using Perelman’s tech-
niques, which hold under certain collapsing conditions (see section 4). Those
estimates will be used in [BamD].
In the following we will outline the results of this paper. For a shorter summary
we refer to subsection 1.2 of [Bam0], where these results are also explained within
the context of the whole series of papers. All results of this paper will be used
to describe (3 dimensional) Ricci flows with surgery M at large times t. For a
precise definition of Ricci flows with surgery, we refer to the subsequent section
2. In this introduction we assume for simplicity thatM is non-singular, i.e. that
it is given by a smooth family of Riemannian metrics (gt)t∈[0,∞) on a 3-manifold
M that satisfies the Ricci flow equation ∂tgt = −2Ricgt .
Our first two results are generalizations of results of Perelman for the case in
which the underlying manifold M is non-compact and/or has a boundary.
Result I: Non-collapsedness controls curvature (Proposition 3.2, sub-
section 3.1). This result is a generalization of a celebrated theorem of Perelman.
It roughly states the following:
For every w > 0 there are constants r = r(w) > 0 and K = K(w) < ∞ such
that if (x0, t0) ∈ M × [0,∞) and 0 < r0 < r
√
t0, then the the following holds:
If the time-t0 volume of the time-t0 ball B(x0, t0, r0) is greater than wr
3
0 and the
time-t0 sectional curvatures are bounded from below by −r−20 on this ball, then
|Rmt0 | < Kr−20 on B(x0, t0, r0).
We will generalize this result to the case in which M is non-compact and/or
has a boundary. It will turn out that if the boundary of M stays sufficiently far
away from x0 on a time-interval of the form [t0− 110r20, t0], then the same estimate
holds.
Result II: Bounded curvature at bounded distance from non-collapsed
regions (Lemma 3.11, subsection 3.1). This result is a generalization of
another result of Perelman, which can be summarized as follows:
For every A <∞ there are constants r = r(A) > 0 and K = K(A) <∞ such
that if (x0, t0) ∈ M × [0,∞) and 0 < r0 < r
√
t0, then we can make the following
conclusion: If |Rmt0 | ≤ r−20 on the parabolic neighborhood P (x0, t0, r0,−r20) =
LONG-TIME BEHAVIOR OF 3D RICCI FLOW — A 3
B(x0, t0, r0)× [t0 − r20, t0], and volt0 B(x0, t0, r0) > A−1r30, then |Rmt| < Kr−20 on
B(x0, t0, Ar0).
This result is an ingredient for the proof of Result I.
The next 5 results characterize the Ricci flow in regions that are collapsed, but
that become non-collapsed when we pass to the universal, or a local cover of M .
By this we mean the following: Consider the universal cover π : M˜ → M of M
and the pull-backs g˜t = π
∗gt of the Riemannian metrics gt on M˜ . Then (g˜t)t∈[0,∞)
is a solution to the Ricci flow on M˜ . Let x ∈ M and consider a lift x˜ ∈ M˜ of x.
Then the volume of a ball BM˜(x˜, t, r) around x˜ in (M˜, g˜t) is not smaller than the
volume of the corresponding ball B(x, t, r) in (M, gt). In fact, the restriction
π|
BM˜ (x˜,t,r)
: BM˜ (x˜, t, r)→ B(x, t, r)
is a surjective local diffeomorphism. Note that the volume of BM˜(x˜, t, r) can be
much larger than that of B(x, t, r), for example if B(x, t, r) collapses along in-
compressible (i.e. π1-injective) S
1 or T 2-fibers. On the other hand, if this collapse
occurs along S1 or T 2-fibers that are compressible in M , but incompressible in
some subset U ⊂M , then the volume of BM˜(x˜, t, r) might be comparable to that
of B(x, t, r), but the volume of the ball BU˜(x˜′, t, r) around a lift x˜′ of x in the
universal cover U˜ → U of U will be much larger. It can be seen that the volume
of BU˜(x˜′, t, r) is monotone in U (with respect to inclusion), the largest volume
being achieved if we choose U = B(x, t, r). We refer to subsection 1.2 of [Bam0]
for a further discussion of collapsing behaviors within the context of this series
of papers.
We will now use the following terminology; for more details see Definition 4.1:
For every point x ∈ M and time t ≥ 0, we first fix a local scale ρ(x, t) > 0,
which roughly measures how large the negative sectional curvatures are in a
neighborhood around x (for more details see Definition 3.1). Then we call a
point x ∈ M good if it is non-collapsed in the universal cover M˜ of M , i.e. if
the volume of BM˜(x˜, t, ρ(x, t)) is larger than cρ3(x, t) for some uniform c > 0.
If the volume of the ball BU˜(x˜′, t, ρ(x, t)) is larger than cρ3(x, t) for some subset
U ⊂M , then we say that x is good relative to U . Finally, if x is good relative to
U = B(x, t, ρ(x, t)), then we call x locally good.
We can now state the next 5 results:
Result III: Bounded curvature around good points (Proposition 4.4,
subsection 4.4). This result can be summarized as follows:
For every w > 0 there are r = r(w) > 0 and K = K(w) < ∞ such that: For
every (x0, t0) ∈ M × [0,∞) and 0 < r0 <
√
t0 we have: If volt0 B
M˜(x˜0, t0, r0) >
wr30 and if the time-t0 sectional curvatures are bounded from below by −r−20 on
B(x0, t0, r0), then |Rmt0 | < Kr−20 on that ball.
This result will follow from Result I applied to the universal covering flow
(M˜, g˜t).
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Result IV: Bounded curvature at bounded distance from sufficiently
collapsed and good regions (Proposition 4.5, subsection 4.5). This result
can be interpreted as a variation of Result II in the collapsed case. It reads:
For every A < ∞ there are constants w = w(A) > 0 and K = K(A) < ∞
such that for every (x0, t0) ∈M × [0,∞) and 0 < r0 <
√
t0 we have: If |Rmt0 | ≤
r−20 on the parabolic neighborhood P (x0, t0, r0,−r20) = B(x0, t0, r0) × [t0 − r20, t0],
volt0 B
M˜(x˜0, t0, r0) > A
−1r30 and volt0 B(x0, t0, r0) < wr
3
0, then |Rmt0 | < Kr−20 on
B(x0, t0, Ar0).
Note that we did not need to assume that r0 < r
√
t0 for some r = r(A) > 0 as
in Result II. This difference will be essential for us. So Result IV is not strictly a
generalization of Result II and does not directly follow from Result II by passing
to the universal cover. Instead, the proof of this result makes use of the fact that
B(x0, t0, r0) is sufficiently collapsed.
Result V: Curvature control at points that are good relative to regions
whose boundary is geometrically controlled (Proposition 4.6, subsec-
tion 4.6). We next consider a subset U ⊂ M and a point x0 ∈ U that is good
relative to U . We then obtain a generalization of Result III:
For every w > 0 there are constants r = r(w) > 0 and K = K(w) < ∞
such that: For every (x0, t0) ∈ U × [0,∞) and 0 < r0 < r(w)
√
t0 we have: If
volt0 B
U˜(x˜′0, t0, r0) > wr
3
0 and the sectional curvatures are bounded from below by
−r−20 on B(x0, t0, r0) and if |Rm| < r−20 on P (x, t0, r0,−r20) for all x ∈ ∂U , then
|Rmt0 | < Kr−20 on B(x0, t0, r0).
The idea of the proof will be that under these assumptions the boundary of
U stays far enough away from x0 for all times of [t0 − r20, t0] if it is far enough
away at time t0. This fact will enable us to localize the arguments in the proof
of Result III.
Result VI: Controlled diameter growth of regions whose boundary is
sufficiently collapsed and good (Proposition 4.7, subsection 4.7). We
will next control the diameter growth of a subset U ⊂ M under the Ricci flow,
only based on geometric control around its boundary and a diameter bound at
early times. In rough terms, our statement will be:
For every A < ∞ there are w = w(A) > 0 and A′ = A′(A), K = K(A) < ∞
such that: Assume that 0 < r0 <
√
t0 and x0 ∈ M . Assume that at time t0 − r20
the subset U has bounded diameter: U ⊂ B(x0, t0 − r20, Ar0) and assume that
the boundary of U stays within controlled distance to x0 for some time, so that
∂U ⊂ B(x0, t, Ar0) for all t ∈ [t0 − r20, t0]. Then if volt0 BM˜(x˜0, t0, r0) > A−1r30,
volt0 B(x0, t0, r0) < wr
3
0 and the sectional curvatures on B(x0, t0, r0) are bounded
from below by −r−20 , we have U ⊂ B(x0, t, A′r0) for all t ∈ [t0− r20, t0]. Moreover,
|Rm| < Kr−20 on U × [t0 − r20, t0].
Result VII: Curvature control in large regions that are locally good
everywhere (Proposition 4.8, subsection 4.8). In the last result we derive a
curvature bound assuming only local goodness. In order to achieve this bound, we
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must however assume that the local goodness holds in a sufficiently large region
and also at earlier times:
For all w > 0 there is a constant K = K(w) <∞ such that the following holds:
Let x0 ∈ U ⊂ M and 0 < r0 <
√
t0 and b > 0 and assume that |Rm| < r−20 on
P (x, t0, r0,−r20) for all x ∈ ∂U . Assume moreover that for every t ∈ [t0 − r20, t0],
x ∈ B(x0, t, b) ∩ U and every 0 < r < r0 for which B(x, t, r) ⊂ U and for which
the sectional curvatures on B(x, t, r) are bounded from below by −r−2 we have
voltB
˜B(x,t,r)(x˜′, t, r) > wr3,
where ˜B(x, t, r) is the universal cover of B(x, t, r) and x˜′ ∈ ˜B(x, t, r) is a lift of
x ∈ B(x, t, r). Then |Rmt0 | < Kr−20 on U ∩ B(x0, t0, b− r0).
We refer to [Bam0] for historical remarks and acknowledgements.
Note that in the following all manifolds are always assumed to be orientable
and 3 dimensional, unless stated otherwise.
2. Introduction to Ricci flows with surgery
2.1. Definition of Ricci flows with surgery. In this section, we give a pre-
cise definition of the Ricci flows with surgery that we are going to analyze sub-
sequently. We will mainly use the language developed in [Bam1] here. In a first
step, we define Ricci flows with surgery in a very broad sense. After explaining
some useful notions, we will make precise how we assume that the surgeries are
performed. This characterization can be found in Definition 2.11. We have cho-
sen a phrasing that unifies most of the common constructions of Ricci flows with
surgery, such as those presented in [Per2], [KL1], [MT1], [BBBMP1] and [Bam1].
Hence the main Theorems 1.1 and 1.4 of [BamD] can be applied to the Ricci flows
with surgery that were constructed in each of these publications.
Definition 2.1 (Ricci flow with surgery). Consider a time-interval I ⊂ R. Let
T 1 < T 2 < . . . be times of the interior of I that form a possibly infinite, but
discrete subset of R and divide I into the intervals
I1 = I ∩ (−∞, T 1), I2 = [T 1, T 2), I3 = [T 2, T 3), . . .
and Ik+1 = I ∩ [T k,∞) if there are only finitely many T i’s and T k is the last
such time and I1 = I if there are no such times. Consider Ricci flows (M1 ×
I1, g1t ), (M
2 × I2, g2t ), . . . on manifolds M1,M2, . . ., which may have a boundary,
and time-intervals I1, I2, . . . (i.e. ∂tg
i
t = −2Ricgit for each i). Let Ωi ⊂ M i be
open sets on which the metric git converges smoothly as tր T i to some Riemann-
ian metric giT i on Ωi and let
U i− ⊂ Ωi and U i+ ⊂M i+1
be open subsets such that there are isometries
Φi : (U i−, g
i
T i) −→ (U i+, gi+1T i ), (Φi)∗gi+1T i |U i+ = giT i|U i−.
We assume moreover that we never have U i− = Ω
i = M i and U i+ = M
i+1 and
that every component of M i+1 contains a point of U i+. Then, we call M =
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((T i), (M i×I i, git), (Ωi), (U i±), (Φi)) a Ricci flow with surgery on the time-interval
I and the times T 1, T 2, . . . surgery times.
If t ∈ I i, then (M(t), g(t)) = (M i × {t}, git) is called the time-t slice of M.
The points inM(T i)\U i+×{T i} are called surgery points. For t = T i, we define
the (presurgery) time T i−-slice to be (M(T i−), g(T i−)) = (Ωi × {T i}, giT i). The
points Ωi × {T i} \ U i− × {T i} are called presurgery points.
IfM has no surgery points, then we callM non-singular and writeM =M×I.
We will often view M in the space-time picture, i.e. we imagine M as a
topological space
⋃
t∈IM(t) =
⋃
iM
i × I i where the components in the latter
union are glued together via the diffeomorphisms Φi.
The following vocabulary will prove to be useful when dealing with Ricci flows
with surgery:
Definition 2.2 (Ricci flow with surgery, space-time curve). Consider a sub-
interval I ′ ⊂ I. A map γ : I ′ → ⋃t∈I′M(t) (also denoted by γ : I ′ →M) is called
a space-time curve if γ(t) ∈ M(t) for all t ∈ I ′, if γ restricted to each sub-time-
interval I i is continuous and if limtրT i γ(t) ∈ U i− and γ(T i) = Φi(limtրT i γ(t))
for all i.
So a space-time curve is a continuous curve in M in the space-time picture
that is parameterized by the time function.
Definition 2.3 (Ricci flow with surgery, points in time). For (x, t) ∈M, consider
a spatially constant space-time curve γ inM that starts or ends in (x, t) and exists
forwards or backwards in time for some duration ∆t ∈ R and that doesn’t hit any
(pre-)surgery points except possibly at its endpoints. Then we say that the point
(x, t) survives until time t+∆t and we denote the other endpoint by (x, t+∆t).
Observe that this notion also makes sense, if (x, t−) ∈M is a presurgery point
and ∆t ≤ 0.
Note that the point (x, t+∆t) is only defined if (x, t) survives until time t+∆t,
which entails thatM is defined at time t+∆t. Using the previous definition, we
can define parabolic neighborhoods in M.
Definition 2.4 (Ricci flow with surgery, parabolic neighborhoods). Let (x, t) ∈
M, r ≥ 0 and ∆t ∈ R. Consider the ball B = B(x, t, r) ⊂ M(t). For each
(x′, t) ∈ B consider the union I∆tx′,t of all points (x′, t + t′) ∈ M that are well-
defined in the sense of Definition 2.3 for t′ ∈ [0,∆t] resp. t′ ∈ [∆t, 0]. Define the
parabolic neighborhood P (x, t, r,∆t) =
⋃
x′∈B I
∆t
x′,t. We call P (x, t, r,∆t) non-
singular if all points in B(x, t, r) survive until time t+∆t.
The following notion will be used in section 4 and in [BamD].
Definition 2.5 (sub-Ricci flow with surgery). Consider a Ricci flow with surgery
M = ((T i), (M i × I i, git), (Ωi), (U i±), (Φi)) on the time-interval I. Let I ′ ⊂ I be a
sub-interval and consider the indices i for which the intervals I ′i = I i∩I ′ are non-
empty. For each such i consider a submanifold M ′i ⊂M i of the same dimension
and possibly with boundary. Let g′t
i be the restriction of git onto M
′i × I ′i and set
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Ω′i = Ωi ∩M ′i and U ′−i = U i− ∩M ′i as well as U ′+i = U i+ ∩M ′i+1. Assume that
for each i for which I ′i and I ′i+1 are non-empty, we have Φi(U ′−
i) = U ′+
i and let
Φ′i be the restriction of Φi to U ′−
i.
In the case in which U ′−
i = Ω′i = M ′i and U ′+
i = M ′i+1 for some i, we can
combine the Ricci flows g′t
i and g′t
i+1 on M ′i × I ′i and M ′i+1 × I ′i+1 to a Ricci
flow on the time-interval I ′i ∪ I ′i+1 and hence remove i from the list of indices.
ThenM′ = ((T ′i), (M ′i×I ′i, g′ti), (Ω′i), (U ′±i), (Φ′i)) is a Ricci flow with surgery
in the sense of Definition 2.1.
Assume that for all t ∈ I ′ the boundary points ∂M′(t) ⊂ M(t) (by this we
mean all points in M(t) that don’t lie in the interior of M′(t) or M(t) \M′(t))
survive until any other time of I ′ and that ∂M′(t) is constant in t. Then we call
M′ a sub-Ricci flow with surgery and we write M′ ⊂M.
We will now characterize three important local, approximate geometries, which
we will frequently be dealing with: ε-necks, strong ε-necks and (ε, E)-caps. The
notions below also make sense for presurgery time-slices.
Definition 2.6 (Ricci flow with surgery, ε-necks). Let ε > 0 and consider a
Riemannian manifold (M, g). We call an open subset U ⊂ M an ε-neck, if
there is a diffeomorphism Φ : S2 × (−1
ε
, 1
ε
) → U such that there is a λ > 0
with ‖λ−2Φ∗g − gS2×R‖C[ε−1] < ε, where gS2×R is the standard round metric on
S2 × (−1
ε
, 1
ε
) of constant scalar curvature 2.
We say that x ∈ U is a center of U if x ∈ Φ(S2 × {0}) for such a Φ.
If M is a Ricci flow with surgery and (x, t) ∈ M, then we say that (x, t) is a
center of an ε-neck if (x, t) is a center of an ε-neck in M(t).
Definition 2.7 (Ricci flow with surgery, strong ε-necks). Let ε > 0 and consider
a Ricci flow with surgery M and a time t2. Consider a subset U ⊂ M(t2) and
assume that all points of U survive until some time t1 < t2. Then the subset
U × [t1, t2] ⊂M is called a strong ε-neck if there is a factor λ > 0 such that after
parabolically rescaling by λ−1, the flow on U × [t1, t2] is ε-close to the standard
flow on [−a, 0] for a ≥ 1. By this we mean a = λ−2(t2 − t1) ≥ 1 and there is a
diffeomorphism Φ : S2 × (−1
ε
, 1
ε
)→ U such that
‖λ−2Φ∗g(λ2t+ t2)− gS2×R(t)‖C[ε−1](S2×(− 1
ε
, 1
ε
)×[−a,0]) < ε.
Here (gS2×R(t))t∈(−∞,0] is the standard Ricci flow on S2 × R that has constant
scalar curvature 2 at time 0 and λ−2Φ∗g(λ2t + t2) denotes the pull-back of the
parabolically rescaled flow on U × [t1, t2].
A point (x, t2) ∈ U × {t2} is called a center of U × [t1, t2] if (x, t2) ∈ Φ(S2 ×
{0} × {t2}) for such a Φ.
Definition 2.8 (Ricci flow with surgery, (ε, E)-caps). Let ε, E > 0 and con-
sider a Riemannian manifold (M, g) and an open subset U ⊂ M . Suppose
that (diamU)2|Rm|(y) < E2 for any y ∈ U and E−2|Rm|(y1) ≤ |Rm|(y2) ≤
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E2|Rm|(y1) for any y1, y2 ∈ U . Furthermore, assume that U is either diffeomor-
phic to B3 or RP 3 \ B3 and that there is a compact set K ⊂ U such that U \K
is an ε-neck.
Then U is called an (ε, E)-cap. If x ∈ K for such a K, then we say that x is
a center of U .
Analogously as in Definition 2.6, we define (ε, E)-caps in Ricci flows with
surgery.
With these concepts at hand we can soon give an exact description of the
surgery process that will be assumed to be carried out at each surgery time. To
do this, we first fix a geometry that models the metric with which we will endow
the filling 3-balls after each surgery.
Definition 2.9 (surgery model). Consider Mstan = R
3 with its natural SO(3)-
action and let gstan be a complete metric on Mstan such that
(1) gstan is SO(3)-invariant,
(2) gstan has non-negative sectional curvature,
(3) (Mstan, gstan) is isometric to the standard round S
2× (0,∞) of scalar cur-
vature 2, outside of some compact subset.
For every r > 0, we denote the r-ball around 0 by Mstan(r).
Let Dstan > 0 be a positive number such that the compact subset in (3) is
contained in Mstan(Dstan). Then we call (Mstan, gstan, Dstan) a surgery model.
Definition 2.10 (ϕ-positive curvature). We say that a Riemannian metric g on
a manifold M has ϕ-positive curvature for ϕ > 0 if for every point x ∈ M there
is an X > 0 such that secx ≥ −X and
scalx ≥ −32ϕ and scalx ≥ 2X(log(2X)− logϕ− 3).
Observe that by [Ham3, Theorem 4.1] this condition is improved by the Ricci
flow in the following sense: If (M, (gt)t∈[t0,t1]) is a Ricci flow on a compact 3-
manifold with t0 > 0 and gt0 is t
−1
0 -positive, then the curvature of gt is t
−1-positive
for all t ∈ [t0, t1].
Definition 2.11 (Ricci flow with surgery, δ(t)-precise cutoff). Let M be a Ricci
flow with surgery defined on some time-interval I ⊂ [0,∞), let (Mstan, gstan, Dstan)
be a surgery model and let δ : I → (0,∞) be a function. We say that M is
performed by δ(t)-precise cutoff (using the surgery model (Mstan, gstan, Dstan)) if
(1) For all t > 0 the metric g(t) is complete and has t−1-positive curvature.
(2) For every surgery time T i, the subset M(T i) \ U i+ is a disjoint union
Di1 ∪Di2 ∪ . . . of finitely or countably infinitely many smoothly embedded
3-disks.
(3) For every such Dij there is an embedding
Φij : Mstan(δ
−1(T i)) −→M(T i)
such that Dij ⊂ Φij(Mstan(Dstan)) and such that the images Φij(Mstan(δ−1
(T i))) are pairwise disjoint and there are constants 0 < λij ≤ δ(T i)
√
T i
LONG-TIME BEHAVIOR OF 3D RICCI FLOW — A 9
such that
∥∥gstan − (λij)−2(Φij)∗g(T i)∥∥C[δ−1(Ti)](Mstan(δ−1(T i))) < δ(T i).
(4) For every such Dij, the points on the boundary of U
i
− in M(T i−) corre-
sponding to ∂Dij are centers of strong δ(T
i)-necks.
(5) For every Dij for which the boundary component of ∂U
i
− corresponding to
the sphere ∂Dij bounds a 3-disk component (D
′)ij of M
i\U i− (i.e. a “trivial
surgery”, see below), the following holds: For every χ > 0, there is some
tχ < T
i such that for all t ∈ (tχ, T i) there is a (1 + χ)-Lipschitz map
ξ : (D′)ij → Dij that corresponds to the identity on the boundary.
(6) For every surgery time T i, the components ofM(T i−)\U i− are diffeomor-
phic to one of the following manifolds: S2× I, D3, RP 3 \B3, a spherical
space form, S1×S2, RP 3#RP 3 and (in the non-compact case) S2×[0,∞),
S2 × R, RP 3 \B3.
We will speak of each Dij as a surgery and if D
i
j satisfies the property described
in (5), we call it a trivial surgery.
If δ > 0 is a number, we say that M is performed by δ-precise cutoff if this is
true for the constant function δ(t) = δ. If M is performed by δ(t)-precise cutoff
for some function δ : I → (0,∞) and if this function is not of essence, then we
sometimes also say that M is performed by precise cutoff.
Note that a Ricci flow with surgery that is performed by precise cutoff may
have time-slices that are non-compact or have a boundary. We need to allow for
this possibility, because we later want to analyze universal covers or subsets of
Ricci flows with precise cutoff; such settings will, however, only be considered in
this paper. For this reason, we also need to allow the possibility of countably
infinitely many surgeries in Definition 2.11(2). If, however, a Ricci flow with
surgery M that is performed by precise cutoff has a time-slice M(t0) that is
closed (i.e. compact and no boundary), then all later time-slices M(t), t ≥ t0
are closed as well. In particular, if the initial time-slice of M is closed, as it will
be assumed for normalized initial conditions (see Definition 2.12), then so are all
time-slices.
Observe furthermore that we have phrased the Definition in such a way that
ifM is a Ricci flow with surgery that is performed by δ(t)-precise cutoff, then it
is also performed by δ′(t)-precise cutoff whenever δ′(t) ≥ δ(t) for all t. Note also
that trivial surgeries don’t change the topology of the component on which they
are performed.
We remark that our notion of “δ(t)-precise cutoff” differs slightly from Perel-
man’s notion of “δ(t)-cutoff” (cf [Per2]). For example, in our picture the surgeries
have size . δ(t)
√
t, while in Perelman’s construction the size is ≈ h(δ(t), δ2(t)r(t))
< δ(t)r(t), where r(t) is similar to the function rε(t) introduced in Proposition
2.15 below. This difference will not be essential. In fact, every “Ricci flow with
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δ(t)-cutoff”, as constructed by Perelman, is a “Ricci flow with surgery that is per-
formed by δ′(t)-precise cutoff”, in the sense of Definition 2.11, for some suitable
function δ′(t).
2.2. Existence of Ricci flows with surgery. Ricci flows with surgery and
precise cutoff as introduced in Definition 2.11 can indeed be constructed from
any given initial metric. We will make this fact more precise in this subsection.
To simplify things, we restrict the geometries that we want to consider as initial
conditions.
Definition 2.12 (Normalized initial conditions). We say that a Riemannian 3-
manifold (M, g) is normalized if
(1) M is compact, orientable and has no boundary,
(2) |Rm| < 1 everywhere and
(3) volB(x, 1) > ω3
2
for all x ∈ M , where ω3 is the volume of a standard
Euclidean 3-ball.
We say that a Ricci flow with surgery M has normalized initial conditions, if
M(0) is normalized.
Any Riemannian metric on a compact and orientable 3-manifold can be rescaled
to be normalized. Next, recall
Definition 2.13 (κ-noncollapsedness). Let M be a Ricci flow with surgery,
(x, t) ∈ M and κ, r0 > 0. We say that M is κ-noncollapsed in (x, t) on scales
less than r0 > 0 if voltB(x, t, r) ≥ κr3 for all 0 < r < r0 for which
(1) the ball B(x, t, r) is relatively compact in M(t) and does not intersect the
boundary ∂M(t),
(2) the parabolic neighborhood P (x, t, r,−r2) is non-singular and
(3) |Rm| < r−2 on P (x, t, r,−r2).
We now introduce a notion of canonical neighborhood assumptions, which
slightly differs from the notions that can be found in other sources, but which
suits better our purposes.
Definition 2.14 (canonical neighborhood assumptions). Let M be a Ricci flow
with surgery, (x, t) ∈ M and r, ε, η > 0, E <∞ be constants. We say that (x, t)
satisfies the canonical neighborhood assumptions CNA(r, ε, E, η) if |Rm|(x, t) <
r−2 or if the following three properties hold:
(1) (x, t) is a center of a strong ε-neck or an (ε, E)-cap U ⊂M(t),
If U ≈ RP 3 \ B3, then there is a time t1 < t such that all points on U
survive until time t1 and such that flow on U × [t1, t] lifted to its double
cover contains strong ε-necks and both lifts of (x, t) are centers of such
strong ε-necks,
(2) |∇|Rm|−1/2|(x, t) < η−1 and |∂t|Rm|−1|(x, t) < η−1,
(3) voltB(x, t, r
′) > η(r′)3 for all 0 < r′ ≤ |Rm|−1/2(x, t),
or property (2) holds and the component of M(t) in which x lies, is closed and
the sectional curvatures are positive and E2-pinched on this component, i.e. they
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are contained in an interval of the form (λ,E2λ) for some λ > 0 (and hence that
component is diffeomorphic to a spherical space form).
Note that we have added an additional assumption in the case in which U ≈
RP 3 \B3 to ensure that the canonical neighborhood assumptions are stable when
taking covers of Ricci flows with surgery (compare with Lemma 4.2). We remark
that every manifold that contains a set diffeomorphic to RP 3 \ B3, admits a
double cover in which this set lifts to a set diffeomorphic to S2 × (0, 1). So it is
possible to verify this extra assumption if all the other canonical neighborhood
assumptions hold in any double cover.
The following proposition gives a characterization of regions of high curvature
in a Ricci flow with surgery that is performed by precise cutoff. The power
of this proposition lies in the fact that none of the parameters depends on the
number or the preciseness of the preceding surgeries. Thus, it provides a tool to
perform surgeries in a controlled way and hence it can be used to construct long-
time existent Ricci flows with surgery as presented in Proposition 2.16 below.
The following proposition also plays an important role in the long-time analysis
of Ricci flows with surgery that are performed by precise cutoff and will, in
particular, be used in sections 3 and 4 of this paper.
Proposition 2.15 (Canonical Neighborhood Theorem, Ricci flows with surgery).
For every surgery model (Mstan, gstan, Dstan) and every ε > 0 there are constants
η > 0 and Eε < ∞ and decreasing continuous positive functions rε, δε, κ :
[0,∞)→ (0,∞) such that the following holds:
Let M be a Ricci flow with surgery on some time-interval [0, T ) that has nor-
malized initial conditions and that is performed by δε(t)-precise cutoff. Then for
every t ∈ [0, T )
(a) M is κ(t)-noncollapsed at scales less than √t at all points of M(t).
(b) All points of M(t) satisfy the canonical neighborhood assumptions CNA
(rε(t)
√
t, ε, Eε, η).
For a proof of this proposition and of Proposition 2.16 see [Per2, sec 5], [KL1,
sec 77ff], [MT1, Proposition 17.1, Theorem 15.9], [BBBMP1, Proposition B, The-
orem 5.3.1], [Bam1, Theorem 7.5.1]. The following proposition provides us an
existence result for Ricci flows with surgery.
Proposition 2.16. Given a surgery model (Mstan, gstan, Dstan), there is a contin-
uous function δ : [0,∞)→ (0,∞) such that if δ′ : [0,∞)→ (0,∞) is a continuous
function with δ′(t) ≤ δ(t) for all t ∈ [0,∞) and (M, g) is a normalized Riemann-
ian manifold, then there is a Ricci flow with surgery M defined for times [0,∞)
with M(0) = (M, g) and that is performed by δ′(t)-precise cutoff. (Observe that
we can possibly have M(t) = ∅ for large t.)
Moreover, if M is a Ricci flow with surgery on some time-interval [0, T ) that
has normalized initial conditions and that is performed by δ(t)-precise cutoff, then
M can be extended to a Ricci flow on the time-interval [0,∞) that is performed
by δ′(t)-precise cutoff on the time-interval [T,∞).
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We point out that the functions δǫ(t), rε(t), κ(t) and the constants η, Eε in
Proposition 2.15 as well as the function δ(t) in Proposition 2.16 depend on the
choice of the surgery model.
From now on we will fix a surgery model (Mstan, gstan, Dstan)
for the rest of this and the following three papers and we
will not mention this dependence anymore.
3. Perelman’s long-time analysis results and certain
generalizations
3.1. Perelman’s long-time curvature estimates. In this subsection, we will
review some of Perelman’s long-time analysis results (see [Per2]). We will gen-
eralize these results to the boundary case and go through most of their proofs.
The most important result of this section will be Proposition 3.2 below. It will
be used in section 4 of this paper. In addition, many of the Lemmas leading
to this Proposition will also be used in that section. The boundary case will be
important for us, because we want to analyze Ricci flows in local covers.
The following notation will be used throughout the whole paper.
Definition 3.1. Let (M, g) be a Riemannian manifold and x ∈ M a point. We
define
ρ(x) = sup{r : sec ≥ −r−2 on B(x, r)}.
For r0 > 0 we set furthermore ρr0(x) = min{ρ(x), r0}. If (M, g) = M(t) is the
time-slice of a Ricci flow (with surgery)M, then we often use the notation ρ(x, t)
and ρr0(x, t).
We also need to use the L-functional as defined in [Per1, sec 7]: For any smooth
space-time curve γ : [t1, t2] →M (t1 < t2 ≤ t0) in a Ricci flow with surgery M
set
L(γ) =
∫ t2
t1
√
t0 − t′
(|γ′|2(t′) + scal(γ(t′), t′))dt′. (3.1)
We say that L is based in t0 and call L(γ) the L-length of γ. A curve γ that
is a critical point of L with respect to variations that fix the endpoints is called
L-geodesic.
We now present the main result of this section. Before we do that we introduce
the following convention that we will assume from now on: We will often be
dealing with Ricci flows with surgery M defined on a time-interval of the form
[t0 − r20, t0] and most results require certain canonical neighborhood assumptions
to hold on M. For times that are very close to t0 − r20 this may be problematic
since strong ε-necks might stick out of the time-interval. So we will assume from
now on that in such a settingM can be extended backwards to a Ricci flow with
surgeryM′ ⊃M in which the required canonical neighborhood assumptions hold
on the time-interval [t0 − r20, t0]. In fact, in our applications M will always arise
as such a restriction. Note that we could also resolve this issue by requiring in
the assumptions of each of the following results that the canonical neighborhood
assumptions hold on a slightly smaller time-interval [t0 − 0.99r20, t0].
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Proposition 3.2 ([Per2, 6.8] in the non-compact case). There is a constant ε0 >
0 such that for all w, r, η > 0 and E < ∞ and 1 ≤ A < ∞ and m ≥ 0 there
are τ = τ(w,A,E, η), r = r(w,A,E, η), r̂ = r̂(w,E, η), δ = δ(r, w, A,E, η,m) > 0
and Km = Km(w,A,E, η), C1 = C1(w,A,E, η), Z = Z(w,A,E, η) < ∞ such
that:
Let r20 ≤ t0/2 and letM be a Ricci flow with surgery (whose time-slices are allowed
to have boundary) on the time-interval [t0 − r20, t0] that is performed by δ-precise
cutoff and consider a point x0 ∈M(t0). Assume that the canonical neighborhood
assumptions CNA(r
√
t0, ε0, E, η), as described in Definition 2.14, are satisfied on
M. We also assume that the curvature on M is uniformly bounded on compact
time-intervals which don’t contain surgery times and that all time slices ofM are
complete.
In the case in which some time-slices of M have non-empty boundary, we
assume that
(i) For all t1, t2 ∈ [t0 − 110r20, t0], t1 < t2 we have: if some x ∈ B(x0, t0, r0)
survives until time t2 and γ : [t1, t2]→M is a space-time curve with end-
point γ(t2) ∈ B(x, t2, (A+3)r0) that meets the boundary ∂M somewhere,
then it has L-length L(γ) > Zr0 (L being based in t2, see (3.1)).
(ii) For all t ∈ [t0 − 110r20, t0] we have: if some x ∈ B(x0, t0, r0) survives until
time t, then B(x, t, 2(A+3)r0+r
√
t0) does not meet the boundary ∂M(t).
Now assume that
(iii) 0 < r0 ≤ r
√
t0,
(iv) sect0 ≥ −r−20 on B(x0, t0, r0) and
(v) volt0 B(x0, t0, r0) ≥ wr30.
Then |∇k Rm| < Kmr−2−k0 on B(x0, t0, Ar0) for all k ≤ m. In particular, if
r0 = ρ(x0, t0), then r0 > r̂
√
t0.
If moreover the surgeries on M are performed by δ′-cutoff for some 0 < δ′ ≤ δ
with C1δ
′√t0 ≤ r0, then the parabolic neighborhood P (x0, t0, Ar0,−τr20) is non-
singular and we have |∇k Rm| < Kkr−2−k0 on P (x0, t0, Ar0,−τr20) for all k ≥ 0.
The following Corollary is a consequence of Propositions 3.2 and 2.15.
Corollary 3.3 (cf [Per2, 6.8, 7.3]). There is a continuous positive function δ :
[0,∞) → (0,∞) such that for every w > 0, 1 ≤ A < ∞ and m ≥ 0 there
are constants τ = τ(w,A), ρ = ρ(w), r = r(w,A), c1 = c1(w,A) > 0 and T =
T (w,A,m), Km = Km(w,A) <∞ such that:
Let M be a Ricci flow with surgery on the time-interval [0,∞) with normal-
ized initial conditions (whose time-slices are all closed) that is performed by δ(t)-
precise cutoff. Let t > T and x ∈M(t).
(a) If 0 < r ≤ min{ρ(x, t), r√t} and voltB(x, t, r) ≥ wr3, then |∇k Rm| <
Kmr
−2−k on B(x, t, Ar) for all k ≤ m. Moreover, if all surgeries on
the time-interval [t − r2, t] are performed by c1rt−1/2-precise cutoff, then
the parabolic neighborhood P (x, t, Ar,−τr2) is non-singular and we have
|∇k Rm| < Kkr−2−k on P (x, t, Ar,−τr2) for all k ≥ 0.
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(b) If voltB(x, t, ρ(x, t)) ≥ wρ3(x, t), then ρ(x, t) > ρ
√
t and the parabolic
neighborhood P (x, t, A
√
t,−τt) is non-singular and we have |∇k Rm| <
Kkt
−1−k/2 on P (x, t, A
√
t,−τt) for all k ≥ 0.
In the case A = 1, this Corollary implies [Per2, 6.8] and parts of [Per2, 7.3].
In the following, we will present proofs of Proposition 3.2 and Corollary 3.3.
They require a few rather complicated Lemmas, which we will establish first.
The proofs of Proposition 3.2 and Corollary 3.3 can be found at the end of
this subsection. Note that the following arguments will be very similar to those
presented in [Per2] and [KL1] with small modifications according to the author’s
taste. Occasionally, we will omit shorter arguments and refer to [KL1]. The main
objective in the proofs will be the discussion of the influence of the boundary.
Upon the first reading, it is recommended to skip the remainder of this subsection.
The boundary case of Proposition 3.2, which is the new result of this subsection,
will only be used in subsection 4.6.
The following distance distortion estimates will be used frequently throughout
this paper.
Lemma 3.4 (distance distortion estimates). Let (M, (gt)t∈[t1,t2]) be a Ricci flow
whose time-slices are complete and let x1, x2 ∈M . Then
(a) If Rict ≤ K along some minimizing geodesic between x1 and x2 in (M, gt),
then at time t we have d
dt−
distt(x1, x2) ≥ −K distt(x1, x2) in the barrier
sense. Likewise, if Rict ≥ −K along such a minimizing geodesic, then
d
dt+
distt(x1, x2) ≤ K distt(x1, x2) in the barrier sense.
(b) If at some time t we have distt(x1, x2) ≥ 2r and Rict ≤ r−2 on B(x1, r)∪
B(x2, r) for some r > 0, then
d
dt−
distt(x1, x2) ≥ −163 r−1 in the barrier
sense.
Both statements are also true in a Ricci flow with surgery if we can guarantee
that some minimizing geodesic between x1 and x2 doesn’t intersect surgery points.
For example, this condition is satisfied if at time t the surgeries are performed
by δ-precise cutoff for some sufficiently small δ and if |Rm|(x1, t), |Rm|(x2, t) <
cδ−2t−1 for a certain universal c > 0, which depends on the chosen surgery model.
Proof. See [KL1, sec 27], [Per1, 8.3], [Bam1, sec 2.3]. The very last statement
follows from Definition 2.11(3). 
We will also need
Lemma 3.5. Let M be a Ricci flow with surgery that satisfies the canonical
neighborhood assumptions CNA(r, ε, E, η) for some r, ε, E, η > 0, let (x, t) ∈ M
and set Q = |Rm|(x, t).
(a) If Q ≤ r−2, then |Rm| < 2r−2 on P (x, t, η
10
r,− η
10
r2).
(b) If Q ≥ r−2, then |Rm| < 2Q on P (x, t, η
10
Q−1/2,− η
10
Q−1).
Proof. See [Per2, 4.2], [KL1, Lemma 70.1], [Bam1, sec 6.2]. 
We now present the first main Lemma.
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Lemma 3.6 (cf [Per2, 6.3(a)]). For any 1 ≤ A < ∞ and w, r, η > 0 there are
κ = κ(w,A, η), δ = δ(A, r, η) > 0, Z = Z(A) <∞ such that:
Let r20 < t0/2 and letM be a Ricci flow with surgery (whose time-slices are allowed
to have boundary) on the time-interval [t0 − r20, t0] that is performed by δ-precise
cutoff and consider a point x0 ∈M(t0). Assume that the canonical neighborhood
assumptions CNA(r
√
t0, ε, E, η) are satisfied on M for some ε, η > 0. We also
assume that the curvature on M is uniformly bounded on compact time-intervals
which don’t contain surgery times and that all time-slices of M are complete.
Assume that the parabolic neighborhood P (x0, t0, r0,−r20) is non-singular, that
|Rm| ≤ r−20 on P (x0, t0, r0,−r20) and volt0 B(x0, t0, r0) ≥ wr30.
In the case in which some time-slices of M have non-empty boundary, we
assume that
(i) every space-time curve γ : [t, t0] → M with t ∈ [t0 − r20, t0) that ends in
γ(t0) ∈ B(x0, t0, Ar0) and that meets the boundary ∂M(t′) at some time
t′ ∈ [t, t0], has L-length L(γ) > Zr0 (based in t0),
(ii) the ball B(x0, t0, (2A+1)r0+r
√
t0) does not hit the boundary ∂M(t0) and
for every t ∈ [t0 − 12r20, t0] the ball B(x0, t, A(1 − 2(t0 − t)r−20 )r0 + 110r0)
does not hit the boundary ∂M(t).
Then M is κ-noncollapsed on scales less than r0 at all points in the ball
B(x0, t0, Ar0).
Proof. We follow the lines of [Per2, 6.3(a)].
We first consider the case in which for some t ∈ [t0 − r20, t0] the component of
M(t) that contains x0 is closed and has positive sectional curvature. Then the
same is true for the corresponding component of M(t0) and hence we are done
by volume comparison. So in the following, we exclude this case and hence the
last option in Definition 2.14 of the canonical neighborhood assumptions will not
occur.
Let x1 ∈ B(x0, t0, Ar0) and 0 < r1 < r0 be such that P (x1, t0, r1,−r21) is non-
singular and such that |Rm| < r−21 on P (x1, t0, r1,−r21). Note that by condition
(ii) the ball B(x1, t0, r1) does not hit the boundary ∂M(t0).
Claim 1. There is a universal constant δ0 > 0 such that if δ < δ0, then we can
restrict ourselves to the case r1 >
1
2
r
√
t0. By this we mean that if the Lemma holds
under the additional restriction that r1 >
1
2
r
√
t0 for some κ
′ = κ′(w,A, η) > 0,
then it also holds whenever r1 ≤ 12r
√
t0 for some κ = κ(w,A, η) > 0.
Proof. Assume that the Lemma holds whenever r1 >
1
2
r
√
t0, but assume that
r1 ≤ 12r
√
t0. Let s > 0 be the supremum over all r
′
1 > 0 such that the properties
above still hold for1 r1 ← r′1, that is 0 < r′1 < r0, P (x1, t0, r′1,−r′21 ) is non-singular
and |Rm| < r′−21 on P (x1, t0, r′1,−r′21 ). If s ≤ 12r
√
t0, then there are several cases:
(1) The closure of P (x1, t0, s,−s2) hits a surgery point (x′, t′). By Definition
2.11(3), there is a neighborhood U ⊂ M(t′) of (x′, t′) whose geometry is
1In this and the following papers we use the notation “a← b” for “a is replaced by b” or “b
is assigned to a”.
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modeled on the surgery model on a scale of at least c1s for some universal
c1 > 0. Note that, again by Definition 2.11(3) and the fact that (x
′, t′) is
a surgery point, we have B(x′, t′, c2δ−1s) ⊂ U for some universal c2 > 0.
Since by distance distortion estimates distt′(x1, x
′) ≤ 10 distt0(x1, x′) ≤
10s, we find that for δ < 1
20
c2 we have B(x1, t
′, 1
10
s) ⊂ U . Since the
standard solution is uniformly noncollapsed, we have volt′ B(x1, t
′, 1
10
s) >
κ′s3 for some universal κ′ > 0. Again, by distance distortion estimates,
we have B(x1, t
′, 1
10
s) ⊂ B(x1, t0, s). So together with a volume distortion
estimate, we conclude volt0 B(x1, t0, s) > κ
′′s3 for some universal κ′′ >
0. By volume comparison, this implies volt0 B(x1, t0, r1) > κr
3
1 for some
universal κ > 0 (recall that by our assumptions s ≥ r1).
(2) There is a point (x′, t′) in the closure of P (x1, t0, s,−s2) with |Rm|(x′, t′) =
s−2. Then let γ : [0, l] → M(t0) be a time-t0 minimizing geodesic, pa-
rameterized by arclength, between x1 and x
′. So the image of γ lies
in the closure of B(x1, t0, s). Let x
′′ = γ(l − η
100
s) ∈ B(x1, t0, s) if
l > η
100
s and x′′ = x′ otherwise. Using distance-distortion estimates,
we find that distt′(x
′′, x′) ≤ 10 distt0(x′′, x′) ≤ η10s. By Lemma 3.5 and
the canonical neighborhood assumptions CNA(r
√
t0, ε, E, η), we conclude
that |Rm|(x′′, t′) ≥ 1
2
s−2 > r−2t−10 .
Next, we use distance-distortion estimates to show thatB(x′′, t′, η
2000
s) ⊂
B(x1, t0, s): Assume that this inclusion was wrong and pick t
′′ ∈ (t′, t0]
minimal such that we have B(x′′, t′′, η
2000
s) ⊂ B(x1, t0, s) (note that the
inclusion holds for t′′ = t0, because B(x′′, t0,
η
100
s) ⊂ B(x1, t0, s) and note
that the set of all t′′ ∈ (t′, t0] for which the inclusion holds is closed). We
can then use distance-distortion estimates to show that B(x′′, t′′, η
2000
s) ⊂
B(x′′, t0,
η
200
s) ⊂ B(x1, t0, s − η200s). Since t′′ > t′, this contradicts the
minimality of t′′.
We can now use the canonical neighborhood assumptions, to conclude
that volt′ B(x
′′, t′, η
2000
s) > η( η
2000
s)3 and as in case (1) we obtain that
volt0 B(x1, t0, r1) > κr
3
1 for some universal κ = κ(η) > 0.
(3) We have s = r0. So r0 ≤ 12r
√
t0. In this case choose 0 < d ≤ (A + 1)r0
maximal with the property that |Rm| < r−20 = s−2 on B(x1, t0, d). So
d ≥ r0. If d = (A+ 1)r0, then
volt0 B(x1, t0, d) ≥ volt0 B(x0, t0, r0) ≥ wr30 =
w
(A+ 1)3
d3.
So by volume comparison and assumption (ii) we obtain a lower volume
bound on the normalized volume of B(x1, t0, r1) since r1 < r0 < d. As-
sume now that d < (A + 1)r0. Then |Rm|(x′, t0) = r−20 ≥ 4r−2t−10 for
some (x′, t0) in the closure of B(x1, t0, d). As in case (2), we can find
a point (x′′, t0) ∈ B(x1, t0, d − η10r0) with |Rm|(x′′, t0) > 12r−20 > r−2t−10 .
By the canonical neighborhood assumptions, we have volt0 B(x1, t0, d) ≥
volt0 B(x
′′, t0,
η
10
r0) > η(
η
10
r0)
3. So again by volume comparison, we find
that volt0 B(x1, t0, r1) > κr
3
1 for some κ = κ(η, A) > 0.
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Lastly, if s > 1
2
r
√
t0, then the conditions mentioned at the beginning of the proof
hold for some r′1 >
1
2
r
√
t0. If the assertion of the Lemma holds for r
′
1 and some
κ′ = κ′(w,A, η) > 0, then by volume comparison, it also holds for all r1 ≤ r′1 and
some κ = κ(w,A, η) > 0. 
So assume in the following that r1 >
1
2
r
√
t0. We will now set up an L-geometry
argument. Define for any t ∈ [t0 − r20, t0] and y ∈M(t)
L(y, t) = inf
{
L(γ) : γ : [t, t0]→M smooth, γ(t) = y, γ(t0) = x1
}
.
Moreover, set
L(y, t) = 2
√
t0 − tL(y, t) and ℓ(y, t) = 1
2
√
t0 − tL(y, t).
Let
Dt =
{
y ∈M(t) : there is a minimizing L-geodesic γ : [t, t0]→M\ ∂M
with γ(t) = y and γ(t0) = x1 that does not hit any surgery points
}
.
We can then define the reduced volume
V˜ (t) = (t0 − t)−n/2
∫
Dt
e−ℓ(·,t)dvolt.
It is shown in [Per1, 7.1] that V˜ (t) is non-decreasing in t.
We will now prove that the quantity ℓ(·, t0 − r20) is uniformly bounded from
above on B(x0, t0, r0) by a constant that only depends on A if δ is chosen small
enough depending on A, r and η. To do this we will use a maximum principle
argument on Dt. The following claim will ensure hereby that extremal points of
L lie inside Dt.
Claim 2. For any Λ < ∞ there is a constant δ∗ = δ∗(Λ, r, η) > 0 such that
whenever δ ≤ δ∗ and Z ≥ Λ, then the following holds: Assume that r1 > 12r
√
t0.
If t ∈ [t0 − r20, t0], y ∈ M(t) and L(y, t) < Λr0, then y ∈ Dt, which also implies
that (y, t) is not a surgery point.
Proof. Assume that y ∈ M(t) \ Dt or that (y, t) is a surgery point. Then there
is a space-time curve γ : [t, t0] → M with L(γ) < Λr0 that either touches ∂M
or a surgery point. The first case is excluded by assumption (i), so γ touches a
surgery point. We will now follow the lines of [Per2, 5.3], [KL1, Lemma 79.3] or
[Bam1, p 92].
First, define
L+(γ) =
∫ t0
t
√
t0 − t∗
(|γ′|2(t∗) + scal+(γ(t∗), t∗))dt∗,
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where scal+(γ(t∗), t∗) = max{scal(γ(t∗), t∗), 0} denotes the non-negative part.
Using Definition 2.11(1) and Definition 2.10, we can estimate
L+(γ) ≤ L(γ) +
∫ t0
t
√
t0 − t∗ · 3
2t∗
dt∗ ≤ Λr0 + 3
2
∫ t0
t0−r20
√
r20
t0 − r20
dt∗
≤ Λr0 + 3
2
√
r20
t0 − r20
r20 ≤ (Λ + 32)r0.
Note that for any sub-interval [t∗1, t
∗
2] ⊂ [t, t0], we have
L+
(
γ|[t∗1,t∗2]
)
=
∫ t∗2
t∗1
√
t0 − t∗
(|γ′|2(t∗) + scal+(γ(t∗), t∗))dt∗
≤ L+(γ) ≤ (Λ + 32)r0. (3.2)
Assume that γ touches a surgery point (y′, t′). Let θ > 0, D <∞ be constants,
whose values will be fixed later in the proof, depending only on Λ, r. Using [Per2,
4.5], [KL1, Lemma 74.1] or [Bam1, Lemma 7.4.1], and assuming δ to be small
depending on θ,D, η, we may find constants σ ∈ (0, 1 − θ] and λ > 0 such that
the parabolic neighborhood
P = P (y′, t′, Dλ, σλ2)
is non-singular and such that, after rescaling by λ−2, the Ricci flow on P is
ε′-close to a subset of a standard solution on the time-interval [0, σ] for some
suitably small ε′ > 0. Here, the constant σ can be chosen such that one of the
following is true: σ = 1−θ or no point of B(y′, t′, Dλ) survives past time t′+σλ2.
Recall that a standard solution is a Ricci flow with initial metric (Mstan, gstan),
bounded curvature on compact time-intervals and complete time-slices. Note
also that the proofs for [Per2, 4.5], [KL1, Lemma 74.1] or [Bam1, Lemma 7.4.1]
still hold in the boundary case, since by Definition 2.11(3) we have the bound
distt′(y
′, ∂M(t′)) > c′′δ−1λ for some universal constant c′′ > 0. So for small
enough δ, depending on D, we have distt′(y
′, ∂M(t′))≫ Dλ.
The fact that P is close to a subset of a standard solution implies that
scal(x∗, t∗) >
cλ−2
1− λ−2(t∗ − t′) for all (x∗, t∗) ∈ P (3.3)
and
|Rm| < Cθλ−2 on P, (3.4)
where c > 0 is some universal constant and Cθ < ∞ is a constant that only
depends on θ. For more details see [Per2, sec 2], [KL1, Lemma 63.1] or [Bam1,
Theorem 7.3.2]. In particular, (3.3) implies that scal > cλ−2 > c′δ−2t′−1 on P for
some universal c′ > 0. So if δ < 1
2
√
c′r, then scal > 4r−2t′−1 > r−21 on P . This
implies that P is disjoint from P (x1, t0, r1,−r21). So γ|[t′,t0] has to exit P before
entering P (x1, t0, r1,−r21).
We will now fix the constants θ,D. Set
τ =
(
400(Λ + 10)
)−2
r2.
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Next, set
θ = exp
(
− 2(Λ + 10)
cr
√
τ
)
and D =
2(Λ + 10)
r
√
τ
exp(2Cθ).
Note that these constants only depend on Λ and r
We first prove that
γ
(
[t0 − τr21, t0]
) ⊂ P (x1, t0, r1,−r21). (3.5)
Assume not and let t′′ ∈ [t0 − τr21, t0] be maximal such that γ(t′′) 6∈ P (x1, t0,
r1,−r21). Then γ((t′′, t0]) ⊂ P (x1, t0, r1,−r21). Using the fact that the distance
distortion on P (x1, t0, r1,−r21) is bounded by a factor of 10 and Cauchy-Schwarz,
we get
L+
(
γ|[t′′,t0]
) ≥ ∫ t0
t′′
√
t0 − t∗ |γ′|2t∗(t∗)dt∗
≥ 1
100
(∫ t0
t′′
√
t0 − t∗ |γ′|2t0(t∗)dt∗
)(∫ t0
t′′
1√
t0 − t∗dt∗
)
· 1
2
√
t0 − t′′
≥ 1
200
√
τr21
(∫ t0
t′′
|γ′|t0(t∗)dt∗
)2
≥ r
2
1
200
√
τr21
=
r1
200
√
τ
> 2(Λ + 3
2
)
r1
r
> (Λ + 3
2
)
√
t0 > (Λ +
3
2
)r0,
in contradiction to (3.2). So we have verified (3.5).
Next we consider the case in which γ|[t′,t0] exits P through its final time-slice.
By this we mean that γ([t′, t′ + σλ2]) ⊂ P (note that P ∩M(t′ + σλ2) is open).
This is only possible if the point γ(t′ + σλ2) survives past time t′ + σλ2, which
implies by our earlier discussion that σ = 1− θ. Moreover, due to (3.5), we must
have t′ + (1− θ)λ ≤ t0 − τr21. Using (3.3), we can now compute that
L+
(
γ|[t′,t′+σλ2]
) ≥ ∫ t′+σλ2
t′
√
t0 − t∗ scal(γ(t∗), t∗)dt∗
>
∫ t′+(1−θ)λ2
t′
cλ−2
√
τr21
1− λ−2(t∗ − t′)dt∗ = cr1
√
τ
∫ 1−θ
0
1
1− udu
= cr1
√
τ |log θ| > c
2
r
√
t0
√
τ |log θ| > (Λ + 3
2
)r0,
in contradiction to (3.2). So γ|[t′,t0] cannot exit P through its final time-slice.
It follows that γ exists P through the boundary ∂B(y′, t′, Dλ)× [t′, t′+σλ2]. In
other words, there is some σ′ ∈ (0, σ] ⊂ (0, 1− θ] such that for t′′ = t′ + σ′λ2, we
have γ([t′, t′′)) ⊂ P and γ(t′′) ∈ ∂B(y′, t′, Dλ). By (3.4), we have |Rm| < Cθλ−2
on P . So distance elements on P are distorted by a factor of at most exp(Cθ).
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We can now estimate
L+
(
γ|[t′,t′′]
) ≥ ∫ t′+σ′λ2
t′
√
t0 − t |γ′|2t∗(t∗)dt∗ ≥
√
τr21
exp(2Cθ)
∫ t′+σ′λ2
t′
|γ′|2t′(t∗)dt∗
≥
√
τr21
exp(2Cθ)σ′λ2
(∫ t′+σ′λ2
t′
|γ′|t′(t∗)dt∗
)2
≥
√
τr21
exp(2Cθ)λ2
(Dλ)2
≥ r
√
τD
2 exp(2Cθ)
√
t0 > (Λ +
3
2
)r0.
Hence we obtain another contradiction to (3.2). This finishes the proof of the
claim. 
We can now carry out the main argument. Recall that for all t ∈ [t0 − r20, t0],
we have
scal(·, t) ≥ − 3
2t
≥ −3r−20 .
So
L(·, t) ≥ −6√t0 − t
∫ t0
t0−t
r−20
√
t0 − t′dt′ = −4r−20 (t0 − t)2.
Hence, for t ∈ [t0 − 14r20, t0] we have
L̂(·, t) := L(·, t) + 2r0
√
t0 − t > r0
√
t0 − t > 0.
Let φ be a cutoff function that is equal to 1 on (−∞, 1
20
], equal to ∞ on [ 1
10
,∞)
and everywhere greater or equal to 1 and that satisfies
2
(φ′)2
φ
− φ′′ ≥ (2A+ 300)φ′ − C(A)φ.
Here C(A) < ∞ is a positive constant, which only depends on A. For more
details see [KL1, sec 28]. Then set for all t ∈ [t0 − 14r20, t0] and y ∈M(t)
h(y, t) = φ
(
r−10 distt(x0, y)− A(1− 2r−20 (t0 − t))
)
L̂(y, t).
So h(·, t) is infinite outside B(x0, t, A(1− 2(t0− t)r−20 )r0+ 110r0) ⊂M(t) \ ∂M(t)
(compare with assumption (ii)) and hence it attains a minimum h0(t) at some
interior point y ∈M(t).
Assume first that h(y, t) ≤ 2r0
√
t0 − t exp(C(A) + 100). So L(y, t) ≤ r0 exp
(C(A) + 100). Then by Claim 2, assuming δ < δ∗(exp(C(A) + 100), r, η) and
Z > exp(C(A) + 100), we have y ∈ Dt and we can compute (cf [Per2, 6.3], [KL1,
sec 85]) that in the barrier sense
r20
( ∂
∂t−
−△
)
h(y, t) ≥ −C(A)h(y, t)−
(
6 +
r0√
t0 − t
)
φr20.
So by the maximum principle we have in the barrier sense (compare with [KL1,
(85.7)])
r20
d
dt−
(
log
h0(t)√
t0 − t
)
≥ −C(A)− 50r0√
t0 − t
if h0(t) ≤ 2r0
√
t0 − t exp(C(A) + 100).
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Since h0(t)
r0
√
t0−t → 2 for t → t0, we find that if h0(t′) ≤ 2r0
√
t0 − t′ exp(C(A) +
100) for all t′ ∈ [t, t0], then
h0(t) ≤ 2r0
√
t0 − t exp
(
C(A)r−20 (t0 − t) + 100r−10
√
t0 − t
)
< 2r0
√
t0 − t exp(C(A) + 100).
This implies that the assumption h0(t) ≤ 2r0
√
t0 − t exp(C(A) + 100) is actually
satisfied for all t ∈ [t0 − 14r20, t0]. So we can find a y ∈ B(x0, t0 − 14r20, 110r0) such
that L(y, t0 − 14r20) ≤ r0 exp(C(A) + 100) = C ′(A)r0.
Since by length distortion estimates B(x0, t0 − 14r20, 110r0) ⊂ B(x0, t0, 12r0), we
find by joining paths that for all x ∈ B(x0, t0, r0) we have L(x, t0−r20) < C ′′(A)r0.
So, assuming δ < δ∗(C ′′(A), r, η) and Z > C ′′(A), we can use Claim 2 to conclude
that P (x0, t0, r0,−r20) ∩M(t0 − r20) ⊂ Dt0−r20 and we have
V˜ (t0 − r20) > v(w,A)
for some constant v(w,A) > 0, which only depends on A and w. This implies
a uniform lower bound on r−31 volt0 B(x1, t0, r1) (cf [Per1, 7.3], [KL1, Theorem
26.2], [Bam1, Lemma 4.2.3]). 
The noncollapsing result from Lemma 3.6 will be applied in Lemma 3.11 below.
Before we continue, we introduce the concept of κ-solutions, which will be used as
models for singularities and for regions of high curvature. The definition makes
sense in all dimensions.
Definition 3.7 (κ-solution). Let κ > 0. An ancient Ricci flow (M, (gt)t∈(−∞,0])
is called a κ-solution if
(1) The curvature is uniformly bounded on M × (−∞, 0].
(2) The metric on every time-slice is complete and has non-negative curvature
operator (i.e. it has non-negative sectional curvature in dimension 3).
(3) The scalar curvature at time 0 is positive.
(4) At every point the scalar curvature is non-decreasing in time.
(5) The solution is κ-noncollapsed on all scales at all points.
Note that, by Hamilton’s Harnack inequality (cf [Ham1]), condition (4) follows
from conditions (1), (2).
We also mention that there is a universal κ0 > 0 such that every 3 dimensional
κ-solution that is not round (i.e. isometric to a quotient of a round sphere), is
in fact a κ0-solution (cf [Per1, 11.9], [KL1, Proposition 50.1]). κ-solutions can
be used to detect strong ε-necks or (ε, E)-caps or, more generally, to verify the
canonical neighborhood assumptions, as explained in the next Lemma.
Lemma 3.8. There is an η > 0 and for any ε > 0 there is an E = E(ε) <∞ such
that for every orientable 3 dimensional κ-solution (M, (gt)t∈(−∞,0]) the following
holds: For all r > 0, the canonical neighborhood assumptions CNA(r, ε, E, η) hold
everywhere on M × (−∞, 0]. More precisely, M is diffeomorphic to a spherical
space form and has positive, E2-pinched sectional curvatures or for any (x, t) ∈
M × (−∞, 0] we have:
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(a) (x, t) is a center of a strong ε-neck or an (ε, E)-cap U ⊂M .
If U ⊂ RP 3 \ B3, then there is a double cover of M such that any lift of
(x, t) is the center of a strong ε-neck.
(b) |∇|Rm|−1/2|(x, t) < η−1 and |∂t|Rm|−1|(x, t) < η−1.
(c) voltB(x, t, r
′) > ηr′3 for all 0 < r′ < |Rm|−1/2(x, t).
Proof. See [Per1, 11.8], [KL1, Corollary 48.1] or [Bam1, Theorem 5.4.11]. 
The following Lemma will enable us to identify κ-solutions as limits of Ricci
flows with surgeries under very weak curvature bounds. We first need to coin the
following notion.
Definition 3.9 (convergence of pointed Ricci flows with surgery). Let Mα,
α = 1, 2, . . ., be a sequence of Ricci flows with surgery and let (xα, tα) ∈ Mα
be basepoints. Furthermore, consider a constant 0 < T ≤ ∞, a non-singular
Ricci flow (M∞, (g∞t )t∈(−T,0]) and a basepoint (x
∞, t∞) ∈M∞ × (−T, 0]. We say
that the pointed Ricci flows with surgery (Mα, (xα, tα)) converge to the pointed
Ricci flow (M∞, (g∞t )t∈(−T,0], (x
∞, t∞)), if the following holds: We can find an
increasing sequence of open subsets Uα ⊂ M∞, open subsets V α ⊂ Mα(tα), dif-
feomorphisms Φα : Uα → V α, and numbers 0 < T α < T such that the following
holds:
(1) limα→∞ T α = T .
(2)
⋃∞
α=1 U
α = M∞.
(3) For any α, all points of V α survive until time tα − T α. In other words,
the flow restricted to V α × [tα − T α, tα] is non-singular.
(4) Denote by (gα)t∈[t∞−Tα,t∞] the pullbacks gαt∞+t := (Φ
α)∗gα(tα + t), t ∈
[−T α, 0]. Then (gαt )t∈[t∞−Tα,t∞] converges to (g∞t )t∈(t∞−T,t∞] locally in any
Cm-norm on M∞ × (−T, 0].
Note that in the case in which all flows Mα are non-singular, this notion
coincides with the smooth convergence of Ricci flows as introduced by Hamilton
(cf [Ham2]).
Lemma 3.10. There is an ε0 > 0 such that: Let Mα be a sequence of (3
dimensional) Ricci flows with surgery on the time-intervals [−τα0 , 0], τα ≤ τα0 ,
xα0 ∈ Mα(0) a sequence of basepoints that survive until time −τα, and aα → ∞
a sequence of positive numbers such that for P α = {(x, t) ∈ Mα : t ∈
[−τα, 0], distt(xα0 , x) < aα} the following conditions hold:
(i) the ball B(xα0 , t, a
α) is relatively compact in Mα(t) and does not hit the
boundary ∂Mα(t) for all t ∈ [−τα, 0],
(ii) |Rm|(xα, 0) ≤ 1,
(iii) the curvature on P α is ϕα-positive for some ϕα → 0,
(iv) all points of P α are κ-noncollapsed on scales < aα for some uniform κ > 0,
(v) all points on P α satisfy the canonical neighborhood assumptions CNA(r,
ε0, E, η) for some uniform r, E, η > 0,
(vi) there is a sequence Kα →∞ such that for every surgery point (x′, t′) ∈ P α
we have |Rm|(x′, t′) > Kα.
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Then whenever τ∞ = lim supα→∞ τ
α > 0, a subsequence of the pointed Ricci flows
with surgery (Mα, (xα0 , 0)) converges to some pointed, non-singular Ricci flow
(M∞, (g∞t )t∈(−τ∞,0], (x
∞
0 , 0)) on a manifoldM
∞ without boundary. Moreover, this
limiting Ricci flow has complete time-slices and bounded, non-negative sectional
curvature. If τ∞ = ∞ and |Rm|(x∞, 0) > 0, then (M∞, (g∞t )t∈(−∞,0]) is a κ-
solution.
Proof. We follow the lines of the proofs of [Bam1, Proposition 6.3.1], [Per2, 4.2],
[Per1, 12.1] and [KL1, Theorem 52.7].
We first use assumptions (i), (iv), (v) at time 0 and assumptions (ii), (iii) to
apply Perelman’s “bounded curvature at bounded distance estimate”. For more
details see [Per2, Claim 2, 4.2], the proof of [KL1, Lemma 89.2] or [KL1, Lemma
70.2] or [Bam1, Proposition 6.2.4]. In order to carry out this estimate, we need
to assume that ε is smaller than some universal constant ε0 > 0. The “bounded
curvature at bounded distance estimate” yields a function K∗1 : [0,∞) → (0,∞)
such that for every d > 0 we have
|Rm|(·, 0) < K∗1(d) on B(xα0 , 0, d) ⊂Mα(0)
for large α (depending on d). Using Lemma 3.5(b) and assumption (v), we obtain
functions τ ∗2 , K
∗
2 : [0,∞)→ (0,∞) such that for all d > 0 we have
|Rm| < 2K∗2 (d) on P (xα0 , 0, d,−τ ∗2 (d))
for large α (depending on d). By assumption (vi), this implies that for any
d > 0 and large α, the parabolic neighborhood P (xα0 , 0, d,−τ ∗2 (d)) is non-singular.
So we obtain uniform bounds on the curvature derivatives on slightly smaller
parabolic neighborhoods. This and assumption (iv) implies that, after passing
to a subsequence, the pointed Riemannian manifolds (Mα(0), xα0 ) converge to a
complete pointed Riemannian manifold (M∞, g∞, x∞0 ) in the smooth Cheeger-
Gromov sense. In the following, we will only work with this subsequence.
By assumption (iii), we conclude that (M∞, g∞) has non-negative sectional
curvature. Moreover, by assumption (v), we find that any point x ∈ M∞ with
|Rm|(x) > 2E2r−2 is the center of a 2ε-neck or a (2ε, 2E)-cap. This fact implies
that the curvature on (M∞, g∞) is uniformly bounded. For more details see the
proof of [KL1, Theorem 52.7] (see also step 3 in the proof of [KL1, Theorem
52.7]), the proof of [Bam1, Proposition 6.3.1] or the second paragraph on page
34 of [Per1].
So there is a constant K∗3 <∞ such that for any d > 0 we have
|Rm|(·, 0) < K∗3 on B(xα0 , 0, d) ⊂Mα(0)
for sufficiently large α (depending on d). Again, by Lemma 3.5 and assumption
(v), we obtain constants τ ∗4 > 0 and K
∗
4 <∞ such that for all d > 0 we have
|Rm| < K∗4 on P (xα0 , 0, d,−τ ∗4 )
for sufficiently large α (depending on d). So, again by assumption (vi), for large
α (depending on d) the parabolic neighborhood P (xα0 , 0, d,−τ ∗4 ) is non-singular.
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Choose now 0 < τ ∗ ≤ τ∞ maximal with the following property: After possibly
passing to a subsequence, the following holds: For any 0 < τ ∗∗ < τ ∗ there is a
constant Kτ∗∗ <∞ such that for all d > 0 we have
|Rm| < K∗τ∗∗ on P (xα0 , 0, d,−τ ∗∗)
for large α (depending on τ ∗∗ and d). By our previous conclusions, τ ∗ ≥ τ ∗4 > 0. It
follows that we can pick sequences dα →∞ and τ ∗∗α → τ ∗ such that the parabolic
neighborhoods P (xα0 , 0, d
α,−τ ∗∗α ) are non-singular. So we can apply Hamilton’s
compactness theorem for (non-singular) Ricci flows to conclude that the pointed
Ricci flows with surgery (Mα, (xα0 , 0)) subconverge to some non-singular Ricci
flow (M∞, (g∞t )t∈(−τ∗,0], (x
∞
0 , 0)) with the property that g
∞
0 = g
∞. Moreover,
(M∞, (g∞t )t∈(−τ∗,0]) has bounded curvature on compact time-intervals, complete
time-slices and, by assumption (iii), non-negative sectional curvature.
Next we show that (M∞, (g∞t )t∈(−τ∗,0]) has uniformly bounded curvature. In
the case in which τ ∗ = ∞, this fact follows from Hamilton’s Harnack inequality
(cf [Ham1]), which implies that the scalar curvature is pointwise non-decreasing
along the flow. In the case in which τ ∗ <∞, we can argue as in step 4 of the proof
of [KL1, Theorem 52.7]. See also the proof of [Bam1, Proposition 6.3.1] or the
third paragraph on page 34 of [Per1]. For these proofs the following statement,
which follows from assumption (v), is important: any (x, t) ∈M∞×(−τ ∗, 0] with
|Rm|(x, t) > 2r−2 is the center of a 2ε-neck or a (2ε, 2E)-cap.
So it follows that, after passing to a subsequence once again, there is a uniform
constant K∗5 <∞ such that for all 0 < τ ∗∗ < τ ∗ and all d > 0 we have
|Rm| < K∗5 on P (xα0 , 0, d,−τ ∗∗)
for sufficiently large α (depending on τ ∗∗ and d). Now assume that τ ∗ < τ∞.
Then, using Lemma 3.5(b) and assumption (v), we can find some τ ∗6 with τ
∗ <
τ ∗6 < τ
∞ and some K∗6 <∞ such that for any d > 0 we have
|Rm| < K∗6 on P (xα0 , 0, d,−τ ∗6 )
for sufficiently large α (depending on d). This, however, contradicts the choice of
τ ∗. So we conclude that indeed τ ∗ = τ∞.
It remains to consider the case in which τ∞ = ∞ and |Rm|(x∞, 0) > 0.
Note that in this case (M∞, (g∞t )t∈(−∞,0]) is an ancient solution with uniformly
bounded, non-negative sectional curvature and complete time-slices. Since |Rm|
(x∞, 0) > 0, we must have scal(x∞, t) > 0 for some t < 0. So by the strong maxi-
mum principle, we have scal(·, 0) > 0 everywhere onM∞. The fact that the scalar
curvature is pointwise non-decreasing in time follows from Hamilton’s Harnack
inequality (cf [Ham1]) and the fact that (M∞, (g∞t )t∈(−∞,0]) is κ-noncollapsed on
all scales at all points is a consequence of assumption (iv). 
We now state the second main Lemma.
Lemma 3.11 (cf [Per2, 6.3(b)+(c)]). There are constants η0, ε0 > 0 and for
every ε ∈ (0, ε0] there is a constant E0 = E0(ε) <∞ such that:
For any 1 ≤ A < ∞, w, r > 0, η ∈ (0, η0] and E ≥ E0 there are constants K =
K(w,A,E, η), Z = Z(A) < ∞ and ρ˜ = ρ˜(w,A, ε, E, η), r = r(A,w,E, η), δ =
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δ(w,A, r, ε, E, η) > 0 such that:
Let r20 ≤ t0/2 and let M be a Ricci flow with surgery (whose time-slices are
allowed to have boundary) on the time-interval [t0 − r20, t0] that is performed by
δ-precise cutoff and consider a point x0 ∈ M(t0). Assume that the canonical
neighborhood assumptions CNA(r
√
t0, ε, E, η) hold on M. We also assume that
the curvature on M is uniformly bounded on compact time-intervals that don’t
contain surgery times and that all time-slices of M are complete.
Assume that the parabolic neighborhood P (x0, t0, r0,−r20) is non-singular, that
|Rm| ≤ r−20 on P (x0, t0, r0,−r20) and volt0 B(x0, t0, r0) ≥ wr30.
In the case in which some time-slices of M have non-empty boundary, we
assume that
(i) every space-time curve γ : [t1, t2] → M with t2 ∈ [t0 − 110r20, t0] and
γ(t2) ∈ B(x0, t2, (A + 1)r0) that meets the boundary ∂M somewhere, has
L(γ) > Zr0 (based in t2),
(ii) for all t ∈ [t0 − 15r20, t0], the ball B(x0, t, 2(A+ 3)r0 + r
√
t0) does not meet
the boundary ∂M(t).
Then
(a) Every point x ∈ B(x0, t0, Ar0) satisfies the canonical neighborhood as-
sumptions CNA(ρ˜r0, ε, E, η).
(b) If r0 ≤ r
√
t0, then |Rm| ≤ Kr−20 on B(x0, t0, Ar0).
It is important in this lemma that ρ˜, unlike δ, may not depend on r.
Proof. The proof follows the lines of [Per2, 6.3(b), (c)].
Let ε0 be the constant from Lemma 3.10. Choose η0 and E0 = E0(ε) to be
strictly less/larger than the constants η, E(ε) in Lemma 3.8. By choosing ρ˜
small and K large enough, we can again exclude the case in which for some time
t ≤ t0 the component ofM(t) that contains x0 has positive, E2-pinched sectional
curvatures.
We first establish part (a). Assume that, given some small ρ˜, there is a point
x ∈ B(x0, t0, Ar0) such that (x, t0) does not satisfy the canonical neighborhood
assumptions CNA(ρ˜r0, ε, E, η), i.e. we have |Rm|(x, t0) ≥ ρ˜−2r−20 and (x, t0) does
not satisfy the assumptions (1)–(3) in Definition 2.14. Set for t ∈ [t0 − r20, t0],
x ∈M(t)
Px,t =
{
(y, t) ∈M : t ∈ [t− 1
20
ρ˜−2|Rm|−1(x, t), t], y ∈M(t),
distt(x0, y) ≤ distt(x0, x) + 14 ρ˜−1|Rm|−1/2(x, t)
}
.
We will now find a particular (x, t) ∈ M with t ∈ [t0 − 110r20, t0] and x ∈
B(x0, t, (A +
1
2
)r0) by a point-picking process: Set first (x, t) = (x, t0). Let
q = |Rm|−1/2(x, t) ≤ ρ˜r0. If every (x′, t′) ∈ Px,t satisfies the canonical neigh-
borhood assumptions CNA(1
2
q, ε, E, η), then we stop. If not, we replace (x, t) by
such a counterexample and start over. In every step of this algorithm, q decreases
by at least a factor of 1
2
, which implies that the algorithm has to terminate after
a finite number of steps since after a finite number of steps we have q < r
√
t0 and
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we can make use of the canonical neighborhood assumptions CNA(r
√
t0, ε, E, η)
from the assumptions of the lemma. So the algorithm yields an (x, t) ∈ M and
a q = |Rm|−1/2(x, t) ≤ ρ˜r0 such that (x, t) does not satisfy the canonical neigh-
borhood assumptions CNA(q, ε, E, η), but all points in Px,t satisfy the canonical
neighborhood assumptions CNA(1
2
q, ε, E, η). By convergence of the geometric
series, we conclude t − 1
20
ρ˜−2q2 ∈ [t0 − 110r20, t0] and distt(x0, x) < (A + 12)r0.
Moreover, for all (x′, t′) ∈ Px,t we have distt′(x0, x′) < (A+ 1)r0.
We now claim that there is a constant ρ˜ = ρ˜(w,A, ε, E, η) > 0 such that
assertion (a) holds for Z(A) = Z3.6(10(A+ 1)) and
δ = δ(w,A, r, ε, E, η) = min
{
δ3.6
(
10(A+ 1), r, η
)
, r2
}
,
where Z3.6 and δ3.6 are the constants from Lemma 3.6. Assume that this was
wrong, i.e. that for fixed parameters w,A, ε, E, η, there is no such constant ρ˜.
Then we can find a sequence ρ˜α → 0 and a sequence of counterexamples Mα, tα0 ,
rα0 , x
α
0 , r
α that satisfy the assumptions of the Lemma for Z = Z(A) and δα =
δ(w,A, rα, ε, E, η), but for which there are points xα ∈ B(xα0 , tα0 , Arα0 ) such that
(xα, tα0 ) doesn’t satisfy the canonical neighborhood assumptions CNA(ρ˜
αrα0 , ε, E,
η). Note that by assumption, the point (xα, tα0 ) satisfies the canonical neighbor-
hood assumptions CNA(rα
√
tα0 , ε, E, η). So we must have ρ˜
αrα0 > r
α√tα0 > rαrα0
and hence rα → 0 for α→∞. By the choice of δ this implies that that δα/rα → 0
for α→∞.
First, let (xα, t
α
) and qα be the point and the constant obtained by the algo-
rithm two paragraphs earlier. We now apply Lemma 3.6 with
r0 ← 110rα0 , x0 ← xα0 , t0 ← t ∈ [t
α − 1
20
(ρ˜α)−2(qα)2, tα],
w ← cw, A← 10(A+ 1), r ← rα,
where c > 0 is a universal constant, which arises from volume comparison and dis-
tortion estimates on P (xα0 , t
α
0 , r
α
0 ,−rα0 ) and which has the property that voltB(xα0 ,
t, 1
10
rα0 ) > cw(
1
10
rα0 )
3. We conclude that any (x′, t′) ∈ Mα with t′ ∈ [tα −
1
20
(ρ˜α)−2(qα)2, tα] and x′ ∈ B(xα0 , t′, (A + 1)rα0 ) is κ-noncollapsed for some uni-
form κ > 0 on scales less than 1
10
rα0 . This implies that the points on Pxα,tα are
κ-noncollapsed on scales less than 1
10
rα0 .
Observe that the assumption on δα and Definition 2.11(3) imply that there is
a universal constant c′ > 0 such that for every surgery point (x′, t′) ∈ Mα with
t′ ≤ tα0 we have
|Rm|(x′, t′) > c′(δα)−2t′−1 = c′
(δα
rα
)−2(
rα
√
t′
)−2
≥ c′
(δα
rα
)−2(
rα
√
tα0
)−2
> c′
(δα
rα
)−2
(qα)−2. (3.6)
Here we have again made use of the inequality qα > rα
√
tα, which follows from
the fact that the point (xα, t
α
) satisfies the canonical neighborhood assumptions
CNA(rα
√
tα0 , ε, E, η), but not CNA(q
α, ε, E, η). Recall moreover, that the factor
(δα/rα)−2 →∞ as α→∞.
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So for large α the point (xα, t
α
) is not a surgery point. Pick 0 < τα ≤ 1
20
(ρ˜α)−2
maximal such that the point xα survives until time t
α − τα(qα)2 and such that
distt(x
α
0 , x
α) < disttα0 (x
α
0 , x
α) + 1
8
(ρ˜α)−1qα for all t ∈ (tα − τα(qα)2, tα].
This implies
B(xα, t, 1
8
(ρ˜α)−1qα) ⊂ Pxα,tα for all t ∈
[
t
α − τα(qα)2, tα]. (3.7)
By passing to a subsequence, we may assume that the limit τ∞ = limα→∞ τα ∈
[0,∞] exists. So after parabolically rescaling by (qα)−1, the Ricci flows with
surgeryMα restricted to the time-interval [tα−τα(qα)2, tα] and based at xα satisfy
the assumptions of Lemma 3.10 for some sequence aα →∞ (we also need to make
use of assumption (ii) here). Hence, again after passing to a subsequence, these
flows subconverge to some non-singular Ricci flow on M∞ × (−τ∞, 0] of bounded
curvature.
The previous conclusion has the following implication: There is a uniform
constant 4 ≤ D <∞ such that whenever 0 < τ ′ < τ∞ or τ ′ = 0, then we have
|Rm|(xα, t) < D(qα)−2 for all t ∈ [tα − τ ′(qα)2, tα] (3.8)
for large α (in the case τ∞ = 0 the statement holds for D = 4).
Assume first that τ∞ < ∞. Observe that by (3.7) the point (xα, t) satis-
fies the canonical neighborhood assumptions CNA(1
2
qα, ε, E, η) for all t ∈ [tα −
τα(qα)2, t
α
]. This implies that (cf Definition 2.14(2))
|Rm|(xα, t) < 4(qα)−2 ≤ D(qα)−2 or |∂t|Rm|−1|(xα, t) < η−1
for all t ∈ [tα − τα(qα)2, tα]. (3.9)
We now use (3.8) for τ ′ = max{τ∞− η4D , 0} and integrate the derivative bound of
(3.9) from t
α − τ ′(qα)2 backwards in time to any t ∈ [tα − τα(qα)2, tα − τ ′(qα)2],
for large α. Note that for large α and any such t, we have t − (tα − τα(qα)2) ≤
( η
4D
+ (τα − τ∞))(qα)2 < 2 · η4D (qα)2. So we obtain that for large α we have
(compare with Lemma 3.5)
|Rm|(xα, t) < 2D(qα)−2 for all t ∈ [tα − τα(qα)2, tα].
In particular, it follows from (3.6) that for large α none of the points (xα, t)
for t ∈ [tα − τα(qα)2, tα] are surgery points. So (xα, tα) even survives past time
t
α − τα(qα)2.
Next, we use the following consequence of the canonical neighborhood assump-
tions CNA(1
2
qα, ε, E, η), which hold on Px,t:
|Rm|(x, t) < 4(qα)−2 ≤ D(qα)−2 or |∇|Rm|−1/2|(x, t) < η−1
for all t ∈ [tα − τα(qα)2, tα] and x ∈ B(xα, t, 1
8
(ρ˜α)−1qα).
Integrating these assumptions as in the proof of Lemma 3.5 yields that for large
α
|Rm| < 16D(qα)−2 on B(xα, t, 1
4
ηD−1/2qα) for all t ∈ [tα − τα(qα)2, tα].
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Note that here we have used the fact that 1
8
(ρ˜α)−1 > 1
4
ηD−1/2 for large α. By
distance distortion estimates (Lemma 3.4(b)) and (3.6), we then obtain that for
large α and some universal constant C <∞
d
dt
distt(x
α
0 , x
α) ≥ −Cη−1
√
D(qα)−1 for all t ∈ [tα − τα(qα)2, tα].
Integrating this estimate yields that for large α
distt(x
α
0 , x
α) < disttα(x
α
0 , x
α)+Cη−1τα
√
Dqα for all t ∈ [tα−τα(qα)2, tα].
Since Cη−1
√
D < 1
16
(ρ˜α)−1 for large α, this implies that for large α
distt(x
α
0 , x
α) < disttα(x
α
0 , x
α) + 1
16
(ρ˜α)−1qα for all t ∈ [tα − τα(qα)2, tα].
This fact, however, contradicts the definition of τα.
So it follows that τ∞ =∞. Hence, after parabolically rescaling by (qα)−1, the
Ricci flows with surgery Mα restricted to the time-interval [tα− τα(qα)2, tα] and
based at xα subconverge to a κ-solution M∞ × (−∞, 0]. Using Lemma 3.8, we
finally obtain a contradiction to the assumption that the points (xα, t
α
) do not
satisfy the canonical neighborhood assumptions CNA(qα, ε, E, η).
Part (b) follows exactly the same way as in [Per2, 6.3]. See also [KL1, Lemma
70.2] and [Bam1, Proposition 6.2.4]. The boundary ∂M(t0) does not create any
issues since it is far enough away from x0. 
We now prepare for the proof of the next main result, Lemma 3.15. We believe
that we have to modify the result in [Per2, 6.5] as follows to make its proof work.
Lemma 3.12 ([Per2, 6.5]). For all w > 0 there exist τ0 = τ0(w) > 0 and K0 =
K0(w) <∞, such that:
LetM be a Ricci flow with surgery with complete time-slices that is defined on the
time-interval [−τ, 0] and let x0 ∈ M(0). Assume that (x0, 0) survives until time
−τ , that for all t ∈ (−τ, 0] the ball B(x0, t, 1) does not intersect any surgery points
or the boundary ∂M(t), that sec ≥ −1 on ⋃t∈[−τ,0]B(x0, t, 1)∩P (x0, 0, 1,−τ) and
that vol0B(x0, 0, 1) ≥ w. Then
(a) |Rm| ≤ K0τ−1 in P (x0, 0, 14 ,−τ/2).
(b) All points in B(x0,−τ, 14) survive until time 0 and B(x0,−τ, 14) ⊂ B(x0,
0, 1).
(c) vol−τ B(x0,−τ, 14) > 12w(14)3.
Proof. See [KL1, Lemma 82.1] for a proof of the first part and the proof of [KL1,
Corollary 45.1(b)] for the third. The second part follows from the lower bound
on the sectional curvature. 
Lemma 3.13 ([Per2, 6.6]). For any w > 0 there is a θ0 = θ0(w) > 0 such that:
Let (M, g) be a Riemannian 3-manifold and B(x, 1) ⊂M a ball of volume at least
w that is relatively compact and does not meet the boundary of M . Assume that
sec ≥ −1 on B(x, 1). Then there exists a ball B(y, θ0) ⊂ B(x, 1), such that every
subball B(z, r) ⊂ B(y, θ0) of any radius r has volume at least 110r3.
Proof. See [KL1, Lemma 83.1]. 
LONG-TIME BEHAVIOR OF 3D RICCI FLOW — A 29
Lemma 3.14. For any K < ∞ there is an r = r(K) < ∞ such that: Let
r0 ≤ r
√
t0 and
1
2
t0 ≤ t ≤ t0. Assume that (M, g) is a Riemannian manifold of
t−1-positive curvature and |Rm| < Kr−20 on M . Then the sectional curvature is
bounded from below: sec ≥ −1
2
r−20 .
Proof. The claim is clear for r0 = 1. The rest follows from rescaling. 
Lemma 3.15 ([Per2, 6.4]). There is a constant ε0 > 0 such that for all r, η > 0
and E < ∞ there are constants τ = τ(η, E), r = r(η, E), δ = δ(r, η, E) > 0 and
K = K(E), C1 = C1(E), Z = Z(η, E) <∞ such that:
Let r20 < t0/2 and letM be a Ricci flow with surgery (whose time-slices are allowed
to have boundary) on the time-interval [t0− r20, t0] that is performed by δ′-precise
cutoff for some 0 < δ′ ≤ δ and consider a point x0 ∈ M(t0). Assume that the
canonical neighborhood assumptions CNA(r
√
t0, ε0, E, η) hold on M. We also
assume that the curvature on M is uniformly bounded on compact time-intervals
that don’t contain surgery times and that all time-slices of M are complete.
In the case in which some time-slices of M have non-empty boundary, we
assume that
(i) For all t1 < t2 ∈ [t0 − 110r20, t0] we have: if some x ∈ B(x0, t0, r0) survives
until time t2 and γ : [t1, t2] → M is a space-time curve with endpoint
γ(t2) ∈ B(x, t2, 3r0) that meets the boundary ∂M somewhere, then L(γ) >
Zr0 (where L is based in t2).
(ii) For all t ∈ [t0 − 110r0, t0] we have: if some x ∈ B(x0, t0, r0) survives until
time t, then B(x, t, 5r0 + r
√
t0) does not meet the boundary ∂M(t).
Now assume that
(iii) C1δ
′√t0 ≤ r0 ≤ r
√
t0,
(iv) sec ≥ −r−20 on B(x0, t0, r0) and
(v) volt0 B(x0, t0, r0) ≥ 110r30.
Then the parabolic neighborhood P (x0, t0,
1
4
r0,−τr20) is non-singular and we have
|Rm| < Kr−20 on P (x0, t0, 14r0,−τr20).
Proof. Before we start with the main argument, we first discuss the case in which
r0 ≤ r
√
t0: We first show that for a universal K
′ = K ′(E) < ∞ and sufficiently
small but universal ε0, we can guarantee that |Rm| < 12K ′r−20 on B(x0, t0, 14r0).
The constant K ′ and the smallness of the constant ε0 will be determined in the
course of this paragraph. Assume the assumption was wrong, i.e. there is a
point x ∈ B(x0, t0, 14r0) such that Q = |Rm|(x, t0) ≥ 12K ′r−20 . By the canonical
neighborhood assumptions CNA(r
√
t0, ε0, E, η), we know that (x, t0) is either a
center of a strong ε0-neck or of an (ε0, E)-cap or M(t0) has positive E2-pinched
curvature (here we assumed that K ′ > 2). The latter case cannot occur by
assumption (v), for large enough K ′, so assume that (x, t0) is a center of a strong
ε0-neck or an (ε0, E)-cap. In both of these cases there is a y ∈ M(t0) with
distt0(x, y) < EQ
−1/2 such that (y, t0) is a center of an ε0-neck and E−2Q <
|Rm|(y, t0) < E2Q. Assuming K ′ > 72E2, we conclude that y ∈ B(x0, t0, 13r0).
Since ε0-necks are sufficiently collapsed for small enough ε0, we can make the
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following conclusion: For every w > 0 there is an ε′0 = ε
′
0(w) > 0 and a D =
D(w) < ∞ such that if ε0 < ε′0, then volt0 B(y, t0, DQ−1/2) < wD3Q−3/2. By
assumption (v) and by volume comparison, there is a universal constant w0 > 0
such that volt0 B(y, t0, d) ≥ w0d3 for all 0 < d < 12r0. Assume now that ε0 <
ε′0(w0) and K
′ > 8D2(w0). Then we obtain a contradiction for d = D(w0)Q−1/2 <
1
2
r0. So we indeed have |Rm| < 12K ′r−20 on B(x0, t0, 14r0). Next, by Lemma 3.5,
assumption (iii) and the fact that at every surgery point (x′, t′) we have (compare
with (3.6))
|Rm|(x′, t′) > c′δ′−2t′−1 ≥ c′δ−2t′−1 ≥ c′δ−2t−10 ≥ c′C21r−20 ,
we conclude that there is a τ ′ = τ ′(η, E) > 0 such that if C1 = C1(E) =
c′−1/2K ′1/2, then P (x0, t0, 14r0,−τ ′r20) is non-singular and |Rm| < K ′r−20 on P (x0,
t0,
1
4
r0,−τ ′r20).
Now we return to the general case, allowing r0 ≥ r
√
t0. We will first fix some
constants: Let ε0, C1 be the constants from the last paragraph. Without loss
of generality, we may assume that ε0 is smaller than the corresponding constant
from Lemma 3.11. Next assume that the constants r, η, E have already been
chosen. Consider the constants τ0,3.12 and K0,3.12 from Lemma 3.12, θ0,3.13 from
Lemma 3.13, K3.11, r3.11, Z3.11 and δ3.11 from Lemma 3.11 and r3.14 from Lemma
3.14 and set:
τ = min{τ ′, 1
2
τ0,3.12(
1
10
), 1
100
}
K = max{K ′, K0,3.12( 110)τ−1},
θ0 = min{14θ0,3.13( 120), 110}
r∗ = θ0min{τ 1/2, K−1/2, 110}
K∗ = (r∗)−2K3.11( 110 , 2(r
∗)−1, E, η)
Z = Z3.11(2(r
∗)−1)
r = min{r3.11( 110 , 2(r∗)−1, E, η), r3.14(K∗)}
δ = min{C−11 θ0r, δ3.11( 110 , 2(r∗)−1, r, ε0, E, η), c′1/2(K∗)−1/2r}
Here c′ is again the constant from (3.6).
We now claim that the conclusion of the Lemma holds with this choice of
the constants τ, r, δ,K, C1, Z and for any 0 < δ
′ ≤ δ. Assume not, i.e. that
P (x0, t0,
1
4
r0,−τr20) is singular or we don’t have |Rm| < Kr−20 on P (x0, t0, 14r0,
−τr20). We now carry out a point-picking process. In the first step set x′0 = x0,
t′0 = t0 and r
′
0 = r0. If there are x
′′
0, t
′′
0 and r
′′
0 , such that
(1) t′′0 ∈ [t′0 − 2τ(r′0)2, t′0],
(2) the point x′0 survives until time t
′′
0 and for all t ∈ (t′′0, t′0] there are no
surgery points in B(x′0, t, r
′
0) and B(x
′
0, t, r
′
0) ∩ ∂M(t) = ∅,
(3) sec ≥ −(r′0)−2 on
⋃
t∈[t′′0 ,t′0]B(x
′
0, t, r
′
0),
(4) x′′0 ∈ B(x′0, t′′0, r′0/4),
(5) r′′0 = θ0r
′
0 ≥ C1δ′
√
t′0,
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(6) volt′′0 B(x
′′
0, t
′′
0, r
′′
0) ≥ 110(r′′0)3 and
(7) we don’t have |Rm| < K(r′′0)−2 on P (x′′0, t′′0, 14r′′0 ,−τ(r′′0)2) or the parabolic
neighborhood P (x′′0, t
′′
0,
1
4
r′′0 ,−τ(r′′0)2) is singular,
then we replace the triple (x′0, t
′
0, r
′
0) by (x
′′
0, t
′′
0, r
′′
0) and repeat. If not, we stop the
process. Observe that here and in the rest of the proof the parabolic neighbor-
hoods are not assumed to be non-singular unless otherwise noted (compare with
Definition 2.4). By the smallness of τ , we have t′0 > t0− 110r20 at every step of this
process. So by condition (5) this process always has to terminate after a finite
number of steps.
Observe that by the smallness of τ , θ0, distance distortion estimates and con-
dition (3), we have in every step of this process
P (x′′0, t
′′
0, r
′′
0 ,− 110(r′′0)2) ⊂ P (x′0, t′0, r′0,− 110(r′0)2).
So these parabolic neighborhoods for each step are nested and we have for the
final triple (x′0, t
′
0, r
′
0)
P (x′0, t
′
0, r
′
0,− 110(r′0)2) ⊂ P (x0, t0, r0,− 110(r0)2).
So the triple (x′0, t
′
0, r
′
0) satisfies assumptions (i) and (ii) of the Lemma. By con-
ditions (3) and (6), also assumptions (iv) and (v) are satisfied. Moreover, we
have (r′0)
2 < t′0/2 and by condition (5) we have after the first step C1δ
′√t′0 ≤
r′0 ≤ θ0r0 ≤ 110r0 ≤ 110r
√
t0 ≤ r
√
t′0. So the triple (x
′
0, t
′
0, r
′
0) also satisfies
assumption (iii) of the Lemma. However, by condition (7), the assertion of
the Lemma fails for the triple (x′0, t
′
0, r
′
0). Note also that the Ricci flow with
surgery M restricted to [t′0 − (r′0)2, t′0] satisfies the canonical neighborhood as-
sumptions CNA(r
√
t′0, ε0, E, η). Thus, after passing to this restriction and the
triple (x′0, t
′
0, r
′
0), we may assume, without loss of generality, that x0 = x
′
0, t0 = t
′
0
and r0 = r
′
0 and add to our assumptions that whenever we find x
′′
0, t
′′
0 and r
′′
0
satisfying the assumptions (1)–(6) above, then the opposite of assumption (7)
holds (and hence we have curvature control on P (x′′0, t
′′
0,
1
4
r′′0 ,−τ(r′′0)2)). By the
discussion at the beginning of this proof and the fact that τ ≤ τ ′, K ≥ K ′, we
must have r0 > r
√
t0.
Now let τ ≤ 2τ be maximal with the property that
− the point x0 survives until time t0 − τr20,
− for all t ∈ (t0 − τr20, t0], there are no surgery points in B(x0, t, r0),
− sec ≥ −r−20 on
⋃
t∈[t0−τr20,t0]B(x0, t, r0).
Note that by assumption (ii), we have B(x0, t, r0) ∩ ∂M(t) = ∅ for all t ∈ [t0 −
τr20, t0]. If τ = 2τ , then the assertion of the Lemma follows using Lemma 3.12.
So assume now τ < 2τ . We will derive a curvature bound at times [t0 −
τr20, t0], which implies a better lower bound on the sectional curvature and hence
contradicts the maximality of τ . Fix for a moment t ∈ [t0 − τr20, t0]. By Lemma
3.12 we first conclude voltB(x0, t,
1
4
r0) >
1
20
(1
4
)3r30. Hence, using Lemma 3.13, we
can find a ball B(y, t, θ0r0) ⊂ B(x0, t, 14r0) such that voltB(y, t, θ0r0) ≥ 110θ30r30 and
such that every sub-ball of B(y, t, θ0r0) has volume ratio of at least
1
10
. Moreover,
by the choice of δ, we have θ0r0 > θ0r
√
t0 ≥ C1δ
√
t0 ≥ C1δ′
√
t0. So the triple
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(y, t, θ0r0) satisfies the assumptions (1)–(6) above and hence, by choice of the
triple (x0, t0, r0), we find that the parabolic neighborhood P (y, t,
1
4
θ0r0,−τθ20r20)
is non-singular and
|Rm| < Kθ−20 r−20 on P (y, t, 14θ0r0,−τθ20r20).
This implies that |Rm| < (r∗r0)−2 on P (y, t, r∗r0,−(r∗r0)2). Recall that by
Lemma 3.13 we have voltB(y, t, r
∗r0) ≥ 110(r∗r0)3. Applying Lemma 3.11(b) for
x0 ← y, t0 ← t, r0 ← r∗r0, w ← 110 , A ← A∗ = 2(r∗)−1, E ← E, η ← η, r ← r
yields
|Rm|(·, t) < K∗r−20 on B(y, t, 2r0) for all t ∈ [t0 − τr20, t0].
Observe here that by the choice of Z and assumptions (i), (ii) of this Lemma, the
assumptions (i), (ii) of Lemma 3.11 are satisfied. We conclude that
|Rm|(·, t) < K∗r−20 on B(x0, t, r0) for all t ∈ [t0 − τr20, t0]. (3.10)
By Lemma 3.14 and the choice of r, this curvature bound implies sec ≥ −1
2
r−20
on B(x0, t, r0) for all t ∈ [t0 − τr20, t0]. We now argue that even for t = t0 − τr20
there are no surgery points in B(x0, t, r0): By (3.6), the choice of δ and the fact
that r0 > r
√
t0, we find that at any such surgery point (z, t) we have
|Rm|(z, t) > c′δ−2t−1 ≥ K∗r−2t−1 ≥ K∗r−2t−10 > K∗r−20 ,
in contradiction to (3.10). This also implies that the point x0 survives until some
time that is strictly smaller than t0 − τr20 and that B(x0, t, r0) does not contain
surgery points or meet the boundary for times which are strictly smaller than
t0 − τr20. This contradicts the maximality of τ and hence finishes the proof. 
Proof of Proposition 3.2. Let ε0 be smaller than the corresponding constants from
Lemmas 3.11 and 3.15. By Lemma 3.13 we can find a ball B(y, t0, θ0(w)r0) ⊂
B(x0, t0, r0) with volt0 B(y, t0, θ0(w)r0) ≥ 110(θ0r0)3. So we can apply Lemma 3.15
with t0 ← t0, x0 ← y, r0 ← θ0r0, ε0 ← ε0, E ← E, η ← η, r ← r and obtain
that if δ < δ3.15(r, η, E), if the surgeries onM are performed by δ′-cutoff for some
0 < δ′ ≤ δ for which
C1,3.15(E)δ
′√t0 ≤ θ0r0,
if Z > Z3.15(η, E) and if r0 < r3.15(η, E)
√
t0, then the parabolic neighborhood
P (y, t0,
1
4
θ0r0,−τ3.15(η, E)θ20r20) is non-singular and
|Rm| < K3.15(E)θ−20 r−20 on P (y, t0, 14θ0r0,−τ3.15θ20r20).
Now choose r∗ = r∗(w, η, E) ∈ (0, 1
100
) so small that P (y, t, r∗r0,−(r∗r0)2) ⊂
P (y, t0,
1
4
θ0r0,−τ3.15θ20r20) for all t ∈ [t0 − (r∗r0)2, t0] and |Rm| < (r∗r0)−2 there.
By volume comparison and distortion estimates and the conclusion of Lemma
3.13, we find that voltB(y, t, r
∗r0) > c(r∗r0)3 for all t ∈ [t0 − (r∗r0)2, t0] and
for some universal constant c > 0. We can then invoke Lemma 3.11(b) with
t0 ← t ∈ [t0 − (r∗r0)2, t0], x0 ← y, r0 ← r∗r0, w ← c, A ← (A + 2)(r∗)−1,
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r ← r, η ← η, E ← E and obtain that if δ < δ3.11(c, (A + 2)(r∗)−1, r, ε0, E, η),
Z > Z3.11((A+ 2)(r
∗)−1) and r0 < r3.11((A+ 2)(r∗)−1, c, E, η)
√
t0, then
|Rm| < Kr−20 on B(y, t, (A+ 2)r0) for all t ∈ [t0 − (r∗r0)2, t0]
(3.11)
for K = K3.11(c, (A + 2)(r
∗)−1, E, η)(r∗)−2 < ∞. Fix δ for the rest of this para-
graph. We now argue that there is a constant C1 = C1(w,A, η, E) < ∞ such
that the following holds: If the surgeries on M are even performed by δ′-precise
cutoff for some 0 < δ′ ≤ δ for which C1δ′
√
t0 ≤ r0, then there are no surgery
points in B(y, t, (A + 2)r0) for all t ∈ [t0 − (r∗r0)2, t0]. Similarly as in (3.6), at
every surgery point (z, t)
|Rm|(z, t) > c′δ′−2t−1 ≥ c′δ′−2t−10 ≥ c′C21r−20 ,
which contradicts (3.11) if C1 > c
′−1/2K1/2. So we can find a τ = τ(w,A, η, E) > 0
such that for all t ∈ [t0 − 2τr20, t0] the points in B(y, t0, (A+ 1.5)r0) survive until
time t and B(y, t0, (A + 1.5)r0) ⊂ B(y, t, (A + 2)r0). Hence P (y, t0, (A + 1.5)r0,
−2τr20) is non-singular and we have |Rm| < Kr−20 on P (x0, t0, (A+0.5)r0,−2τr20)
⊂ P (y, t0(A + 1.5)r0,−2τr20). The higher derivative estimates follow from Shi’s
estimates on P (x0, t0, (A+ 0.5)r0,−2τr20). Fix C1 for the rest of the proof. Note
that C1 can be chosen independently of δ. So we may decrease δ depending on
C1 and r and assume that C1δ < r.
It remains to consider the case C1δ
√
t0 > r0, which implies r0 < r
√
t0. Let
Q = |Rm|(x0, t0). In the next paragraph we show that Qr20 is bounded by a
constant, which only depends on w, E and η.
For the next two paragraphs fix w, E and η and assume that Qr20 > 1. Us-
ing the same reasoning as in the proof of Lemma 3.11(b) (compare with the
“bounded curvature at bounded distance”-estimate in [Per2, Claim 2, 4.2], see
also the proof of [KL1, Lemma 89.2] or [KL1, Lemma 70.2] or [Bam1, Proposi-
tion 6.2.4]) we can conclude that |Rm| > K∗1 (Qr20)r−20 on B(x0, t0, r0) if Qr20 > S0
and r0 < r
∗(Qr20)
√
t0 for some constant S0 < ∞ and some functions K∗1 , r∗ :
[0,∞) → (0,∞) with K∗1(s) → ∞ and s → ∞, which only depend on w, E
and η (we remark that for this argument the basepoint has to be chosen at a
point x′ ∈ B(x0, t0, r0) with r−20 ≤ |Rm|(x′, t0) ≤ K∗1(Qr20)r−20 ). So there is some
S1 = S1(w,E, η) < ∞ such that if Qr20 > S1 and r0 < r∗(S1)
√
t0, then all
points on B(x0, t0, r0) are centers of strong ε-necks or (ε, E)-caps, whose cross-
sectional 2-spheres have diameter at most C(K∗1(Qr
2
0))
−1/2r0, where C < ∞ is
a universal constant. These necks and caps can be glued together to give long
tubes as described in [Bam1, Proposition 5.4.7] or [KL1, sec 58] and we conclude
that volt0 B(x0, t0, r0) < w
∗(Qr20)r
3
0 for some function w
∗ : [0,∞) → (0,∞) with
w∗(s)→ 0 as s→∞. Choose now S2 = S2(w,E, η) <∞ large enough such that
w∗(S2) < w. Then by assumption (v) we get Qr20 < S2 assuming r < r
∗(S2).
Again, by the same reasoning as before (this time, we choose the basepoint
to be (x0, t0)), we obtain the estimate |Rm| < K∗2r−20 on B(x0, t0, (A + 1)r0) for
some universal constant K∗2 = K
∗
2(w,A,E, η) <∞ if r0 < r∗∗(w,A,E, η)
√
t0. Let
τ ≥ 0 be maximal such that the parabolic neighborhood P (x0, t0, (A+1)r0,−τr20)
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is non-singular. By Lemma 3.5, we conclude that there is a constant τ0 > 0 such
that |Rm| < 2K∗2r−20 on P (x0, t0, (A + 1)r0,−min{τ , τ0}r20). If τ ≥ τ0, then we
can deduce curvature derivative bounds on B(x0, t0, Ar0) by Shi’s estimates. On
the other hand, if τ < τ0, then by assuming δ to be sufficiently small depending
on m, we can use Definition 2.11(3) to conclude that |∇mRm| < Ckr−2−k0 for all
k ≤ m on initial time-slice of P (x0, t0, (A+1)r0,−τr20). So by a modified version
of Shi’s estimates (see [Cetal, sec 14.4]), we obtain a bound on r2+k0 |∇k Rm| in
B(x0, t0, Ar0) for all k ≤ m.
Finally, we consider the case r0 = ρ(x0, t0). Applying the Proposition with
A ← 1 yields |Rm| < Kr−20 on B(x0, t0, r0) for some K = K(w,E, η) < ∞. So
by Lemma 3.14, if we had r0 < r3.14(K)
√
t0, then sec ≥ −12r−20 on B(x0, t0, r0),
which would contradict the choice of r0. 
Proof of Corollary 3.3. Let ε0 be the constant from Proposition 3.2. Observe
that by Proposition 2.15 there are constants η > 0, Eε0 < ∞ and decreasing,
continuous, positive functions rε0 , δε0 : [0,∞)→ (0,∞) such that if δ(t) ≤ δε0(t)
for all t ∈ [0,∞), then every point (x, t) ∈ M satisfies the canonical neighbor-
hood assumptions CNA(rε0(t)
√
t, ε0, Eε0, η). Now consider the constant δ3.2 =
δ3.2(r, w, A,E, η,m) from Proposition 3.2. We can assume that it depends on
its parameters r, w and A in a monotone way, i.e. δ3.2(r
′, w′, A′, E, η,m′) ≤
δ3.2(r, w, A,E, η,m) if r
′ ≤ r, w′ ≤ w, A′ ≥ A and m′ ≥ m. Assume now that for
all t > 0
δ(t) < min
{
δ3.2(
1
2
rε0(2t), t
−1, t, Eε0 , η, [t]), δε0(t), t
−1}. (3.12)
Let w,A,m be given. Choose T = T (w,A,m) <∞ such that 2T−1 < w, 1
2
T > A
and 1
2
T > m.
Consider the point x, the time t > T and the scale r from part (a) of the
corollary. We may assume r < 1
2
such that r2 < t/4. The flow M satisfies
the canonical neighborhood assumptions CNA(1
2
rε0(t)
√
t, ε0, Eε0, η) on [t−r2, t].
Moreover, by (3.12), the surgeries on [t−r2, t] are performed by δ3.2(12rε0(t), 2t−1,
1
2
t, Eε0, η, [
1
2
t])-precise cutoff. By the choice of T and the monotonicity of δ3.2,
this implies that the surgeries on [t − r2, t] are performed by δ3.2(12rε0(t), w, A,
Eε0, η,m)-precise cutoff. So we can apply Proposition 3.2 with x0 ← x, t0 ← t,
r0 ← r, r ← 12rε0(t), w ← w, A ← A, E ← Eε0 , η ← η, m ← m to con-
clude that if r ≤ r3.2(w,A,Eε0, η)
√
t, then |∇k Rm| < Km,3.2(w,A,Eε0, η)r−2−k
on B(x, t, Ar) for all k ≤ m. If the surgeries on [t − r2, t] are performed by
C−11,3.2(w,A,Eε0 , η)rt
−1/2-precise cutoff, then the second part of Proposition 3.2
gives us that P (x, t, Ar,−τ3.2(w,A,Eε0, η)) is non-singular and |∇k Rm| < Km,3.2
(w,A,Eε0 , η)r
−2−k there for all k ≤ m. This establishes assertion (a).
For part (b) we argue as follows: If ρ(x, t) ≤ r√t, then by our discussion in
the last paragraph for r = ρ(x, t) and Proposition 3.2, we obtain r = ρ(x, t) >
r̂3.2(w,Eε0, η)
√
t. So, in general, we have ρ(x, t) > ρ
√
t for ρ = ρ(w) = min{r, r̂3.2}
and we can apply assertion (a) with r ← ρ√t and A ← Aρ−1 to deduce a
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curvature bound on P (x, t, A
√
t,−τρ2t). For this application it is important
that all surgeries on [t − ρ2t, t] are performed by c1ρ-precise cutoff. This is cer-
tainly the case for sufficiently large T = T (w,A), because for large t we have
δ(t) ≤ t−1 < c1ρ. 
3.2. The thick-thin decomposition. We now describe how, in the long-time
picture, Ricci flows with surgery decompose the manifold into a thick and a thin
part. In this process, the thick part approaches a hyperbolic metric while the
thin part collapses at local scales. Compare this Proposition with [Per2, 7.3] and
[KL1, Proposition 90.1].
Proposition 3.16. There is a function δ : [0,∞) → (0,∞) such that, given a
Ricci flow with surgeryM with normalized initial conditions that is performed by
δ(t)-precise cutoff and defined on the interval [0,∞), we can find a constant T0 <
∞, a function w : [T0,∞)→ (0,∞) with w(t)→ 0 as t→∞ and a collection of
orientable, complete, finite volume hyperbolic (i.e. of constant sectional curvature
−1) manifolds (H ′1, ghyp,1), . . . , (H ′k, ghyp,k) such that:
There are finitely many embedded 2-tori T1,t, . . . , Tm,t ⊂M(t) for t ∈ [T0,∞) that
move by isotopies and don’t hit any surgery points and that separate M(t) into
two (possibly empty) closed subsets Mthick(t),Mthin(t) ⊂M(t) such that
(a) Mthick(t) does not contain surgery points for any t ∈ [T0,∞).
(b) The Tj,t are incompressible in M(t) and diamt Tj,t < w(t)
√
t.
(c) The topology of Mthick(t) stays constant in t and Mthick(t) is a disjoint
union of components H1,t, . . . , Hk,t ⊂ Mthick(t) such that the interior of
each Hi,t is diffeomorphic to H
′
i.
(d) We can find an embedded cross-sectional torus T ′j,t inside each cusp of each
H ′i, at a distance of at least w
−1(t) from a fixed base point, which moves
by isotopy and speed at most w(t)t−1/2 such that the following holds: Chop
off the ends of the H ′i along the T
′
j,t and call the remaining open manifolds
H ′′i,t. Then there are smooth families of diffeomorphisms Ψi,t : H
′′
i,t → Hi,
which become closer and closer to being isometries, i.e.∥∥ 1
4t
Ψ∗i,tg(t)− ghyp,i
∥∥
C[w−1(t)](H′′i,t)
< w(t)
and which move slower and slower in time, i.e.
sup
H′′i,t
t1/2|∂tΨi,t| < w(t)
for all t ≥ T0 and i = 1, . . . , k. Moreover, the sectional curvatures on
a w−1(t)
√
t-tubular neighborhood of Mthick(t) lie in the interval (1t (−14 −
w(t)), 1
t
(−1
4
+w(t))) for all t ≥ T0. And for every 2-torus Tj,t, j = 1, . . . , m
and all t ≥ T0, there are neighborhoods Pj,t ⊂ Mthin(t) with Tj,t ⊂ Pj,t
that have the following properties: Pj,t ≈ T 2 × I, Pj,t has a T 2-fibration
over an interval whose fibers have time-t diameter < w(t)
√
t, one of these
fibers is Tj,t and the boundary components of Pj,t have time-t distance of
at least w−1(t)
√
t from Tj,t.
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(e) A large neighborhood of the part Mthin(t) is better and better collapsed,
i.e. for every t ≥ T0 and x ∈M(t) with
distt(x,Mthin(t)) < w−1(t)
√
t
we have
voltB(x, t, ρ√t(x, t)) < w(t)ρ
3√
t
(x, t).
4. Long-time estimates under the presence of collapse
In the following we derive more specialized estimates using the methods and re-
sults presented in the previous section. Those statements will be used in [BamD].
4.1. The goodness property. The following notion will become important for
us.
Definition 4.1 (goodness). Let (M, g) be a Riemannian 3-manifold (possibly with
boundary), r0 > 0 and consider the function ρr0 : M → (0,∞) from Definition
3.1. Let w > 0 be a constant and x ∈M be a point.
(1) Let x˜ be a lift of x in the universal cover M˜ of M . Then x ∈ M is
called w-good at scale r0 if volB(x˜, ρr0(x)) > wρ
3
r0
(x). Here B(x˜, ρr0(x))
denotes the ρr0(x)-ball in the universal cover M˜ of M .
(2) Let U ⊂M be an open subset and assume that x ∈ U . Assume now that x˜
is a lift of x in the universal cover U˜ of U . Then x is called w-good at scale
r0 relative to U if either B(x, ρr0(x)) 6⊂ U or volB(x˜, ρr0(x)) > wρ3r0(x),
where now B(x˜, ρr0(x)) denotes the ρr0(x)-ball in the universal cover U˜ of
U .
(3) The point x is called locally w-good at scale r0 if it is w-good at scale r0
relative to B(x, ρr0(x)).
Observe that the choice of the lift x˜ of x is not essential. We remark that the
property “w-good” implies the properties “w-good relative to a subset U” and
“locally w-good”. The opposite implication, however, is generally false: Consider
for example a smoothly embedded solid torus S ⊂ M , S ≈ S1 ×D2 and a collar
neighborhood U of ∂S in S, i.e. U ⊂ S, U ≈ T 2 × (0, 100) and ∂S ⊂ ∂U , such
that the geometry on U is close to a product geometry T 2 × (0, 100) in which
the T 2-factor is very small. Then for some w > 0 all points of U are w-good
relative to U as well as locally w-good, but none of the points of U are w-good
(see [Bam0, Figure 2] for an illustration).
We also remark that by volume comparison there is a universal constant c˜ > 0
such that if x ∈ M is w-good at scale r0 > 0 for some w > 0, then x is also
c˜w-good at any scale r′0 ≤ r0.
4.2. Universal covers of Ricci flows with surgery. In the following subsec-
tions we will need to carry out Perelman’s methods in the universal covering flow
M˜ of a given Ricci flow with surgeryM. In the case in whichM is non-singular,
LONG-TIME BEHAVIOR OF 3D RICCI FLOW — A 37
M˜ is just the universal cover of the underlying manifold equipped with the pull-
back of the time-dependent metric. In the general case, the existence of M˜ is
established by the following lemma.
Lemma 4.2. Let M be a Ricci flow with surgery on a time-interval I ⊂ [0,∞)
that is performed by precise cutoff. Then there is a Ricci flow with surgery M˜
(called the universal covering flow) that is performed by precise cutoff and a family
of Riemannian coverings πt : M˜(t)→M(t) that are locally constant in time away
from surgery points such that the components of all time-slices M˜(t) are simply
connected (i.e. M˜(t) is the disjoint union of components that are isometric to
the universal cover of M(t)).
Moreover, if M is performed by δ(t)-precise cutoff for some δ : I → (0,∞),
then so is M˜. If all time-slices of M are complete, then the same is true for M˜.
If the curvature on M is bounded on compact time-intervals that don’t contain
surgery times, then this property also holds on M˜.
Proof. Recall that M = ((T i), (M i × I i, git), (Ωi), (U i±), (Φi)) where each git is a
Ricci flow on the 3-manifold M i defined for times I i. We can lift each of these
flows to the universal cover M˜ i0 of M
i via the natural projections πi0 : M˜
i
0 → M i
and obtain families of metrics g˜i0,t, which still satisfy the Ricci flow equation. If
M i is disconnected, then we define M˜ i0 to be the disjoint union of the universal
covers of the components of M i.
We will now assemble the flows (M˜ i0 × I i, g˜i0,t) to a Ricci flow with surgery M˜.
Each time-slice M˜(t) of the resulting flow will be composed of a (possibly infinite)
number of copies of components of (M˜ i0, g˜
i
0,t) if t ∈ I i. If there are no surgery times
in I, i.e. I = I1, then we set M = (·, (M˜10 , g˜10,t), ·, ·, ·) and we are done. Assume
now that there are surgery times. For any i letMi be the restriction ofM to the
time-interval I ∩ (−∞, T i) and if T i−1 is the last surgery time, set Mi =M. By
induction, we can assume that M˜i already exists and we only need to prove that
we can extend this flow to a Ricci flow with surgery M˜i+1, which is the universal
covering flow of Mi+1. In order to do this, it suffices to construct the objects
(M˜ i+1 × I i+1, g˜i+1t ), Ω˜i, U˜ i±, Φ˜i and the projection πi+1 : M˜ i+1 → M i+1.
Fix i and consider (M˜ i × I i, g˜it) from M˜i and the projection πi : M˜ i → M i
corresponding to πt for t ∈ I i. Denote by Ω˜i ⊂ M˜ i the preimage of Ωi and by
U˜ i− ⊂ Ω˜i the preimage of U i− under πi and let U˜ i0,+ ⊂ M˜ i+10 be the preimage
of U i+ under π
i+1
0 . Recall that by Definition 2.11(6) the subset U
i
− ⊂ M i is
bounded by pairwise disjoint, embedded 2-spheres. So for every point p ∈ U i−,
the natural map π1(U
i
−, p) → π1(M i, p) is an injection. Consider now the set
U˜ i0,+ ⊂ M˜ i+10 . Recall that by Definition 2.11(2) the complement of U i+ in M i+1
is a collection of pairwise disjoint, embedded 3-disks. So the complement of U˜ i0,+
in M˜ i+10 is still a collection of pairwise disjoint, embedded 3-disks and hence
the preimage of each component of U i+ under π
i
0 is simply connected. The map
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(Φi)−1 ◦ πi+10 : U˜ i0,+ → U i− is a covering map. Consider a component C+ of U˜ i0,+
and a component C− of U˜ i− with πi+10 (C+) = Φi(πi(C−)). Since C+ is simply-
connected, we find a lift φiC+,C− : C+ → U˜ i− of (Φi)−1 ◦ πi+10 |C+ : C+ → U i− ⊂ M i
such that φiC+,C−(C+) = C− and πi ◦ φiC+,C− = (Φi)−1 ◦ πi+10 |C+ . Since U i− → M i is
π1-injective, the map φ
i
C+,C− must be injective.
We can now construct M˜ i+1. For every component C− of U˜ i− there is a (unique)
component C+ = C+(C−) of U˜ i0,+ such that πi+10 (C+) = Φi(πi(C−)). Let M˜ i+10 (C+)
be the component of M˜ i+10 that contains C+ (observe that C+ is the only com-
ponent of U˜ i0,+ in M˜
i+1
0 (C+)). Now define M˜ i+1 to be the disjoint union of all
components M˜ i+10 (C+(C−)) where C− runs through all components of U˜ i−. The
set U˜ i+ is the disjoint union of all the C+(C−) and the diffeomorphism Φ˜i is
defined to be the inverse of φiC+(C−),C+ on each C−. We also define the projec-
tion πi+1 : M˜ i+1 → M i+1, corresponding to πt for t ∈ I i+1, to be equal to
πi+10 : M˜
i+1
0 → M i+1 restricted to M˜ i+10 (C+(C−)) for every component C− of U˜ i−.
Finally, we set g˜i+1t = (π
i+1)∗gi+1t for all t ∈ I i+1. This finishes the proof. 
4.3. Quotients of necks. Before we discuss the main results of this section,
we need to establish the following Lemma, which asserts that sufficiently precise
ε-necks cannot have arbitrarily small quotients.
Lemma 4.3. There are constants ε˜0, w˜0 > 0 such that the following is true: Let
(M, g) be a (possibly open) Riemannian manifold, ε ≤ ε˜0, assume that x0 ∈ M
is a center of an ε-neck and that 0 < r < |Rm|−1/2(x). Consider a local isometry
π : (M, g) → (M ′, g′) (i.e. π∗g′ = g) such that π(M) ⊂ M ′ is not compact (i.e.
π(M) is not a closed manifold) and let x′0 = π(x0) ∈ M ′. Then volg′ B(x′0, r) >
w˜0r
3.
Proof. We may assume without loss of generality that the scale λ in Definition
2.6 is equal to 1 (and hence r < 1.1 for small ε), that M is an ε-neck and that π
is surjective. So, we can identify M = S2 × (−1
ε
, 1
ε
) such that x0 ∈ S2 × {0} and
assume that ‖g − gS2×R‖C[ε−1] < ε. If ε is small enough, there is a smooth unit
vector field X on M , pointing in the direction of the eigenspace of Ric associated
to the smallest eigenvalue, which is unique up to sign. For any y1, y2 ∈ M with
π(y1) = π(y2), we have dπ(Xy1) = ±dπ(Xy2). So by possibly passing to a 2-fold
cover of M ′, we can assume that dπ(X) = X ′ for some smooth vector field X ′
on M ′ (passing to a 2-fold cover may change the constant w˜0 by a factor of 2).
Moreover, by possibly passing to another 2-fold cover, we can assume that M ′
is orientable. Let Σ ⊂ M be the embedded 2-sphere corresponding to S2 × {0}.
If ε is small enough, the trajectories of X cross Σ exactly once and transversely.
Finally, let U0 ⊂M be the open set corresponding to S2× (−30, 30) and assume
that ε−1 > 100.
We will first show by contradiction that π restricted to the ball B(x0, 1) is
injective. So assume that there are two distinct points y1, y2 ∈ B(x0, 1) with
π(y1) = π(y2). Consider a geodesic segment γ between y1 and x0 and lift its
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projection π ◦ γ starting from y2. This produces a point x1 ∈ M with π(x0) =
π(x1) and dist(x0, x1) < 2.
We now show that we can construct an isometric local deck transformation
ϕ : U0 → U1 ⊂ M , that is a smooth map that satisfies π ◦ ϕ = π and ϕ∗g = g,
with ϕ(x0) = x1. Fix some point p ∈ U0. We can find a piecewise smooth
curve γ : [0, 1] → M of length less than 40 such that γ(0) = x0 and γ(1) = p.
Moreover, any two such curves are homotopic relative endpoints to one another,
through curves of length less than 50. Now consider the projection π◦γ : [0, 1]→
M ′. Observe that π(γ(0)) = π(x0) = π(x1). So since B(x1, 40) ⊂ B(x0, 42)
is relatively compact in M , we can lift π ◦ γ to a curve γ∗ : [0, 1] → M with
γ∗(0) = x1. Then π ◦ γ = π ◦ γ∗ and, in particular, π(γ∗(1)) = π(γ(1)) = π(p).
We now argue that γ∗(1) only depends on p and not on the choice of γ. Consider
a homotopy H : [0, 1]× [0, 1]→M between two curves γ0 = H(·, 0), γ1 = H(·, 1) :
[0, 1] → M . Assume that for all s ∈ [0, 1], the curve H(·, s) has length less than
50 and H(0, s) = x0 and H(1, s) = p. Then π ◦ H : [0, 1] × [0, 1] → M ′ can be
lifted to a homotopy H∗ : [0, 1]× [0, 1]→ M such that π ◦H = π ◦H∗ and such
that H∗(0, s) = x1 for all s ∈ [0, 1]. Note that in order to carry out this lift, it
is important that B(x1, 50) ⊂ B(x0, 52) is relatively compact in M . The curves
γ∗0 := H
∗(·, 0) and γ∗1 := H∗(·, 1) are lifts of π ◦γ0 and π ◦γ1 with γ∗0(0) = γ∗1(0) =
x1. Since π◦H∗(1, s) = π◦H(1, s) = π(p) is constant in s, it follows that H∗(1, s)
is constant in s and hence γ∗0(1) = H(1, 0) = H(1, 1) = γ
∗
1(1). This shows that
point γ∗(1) in the previous paragraph does not depend on the choice of γ∗. So
we can define ϕ(p) := γ∗(1). Letting p vary over U0, defines a map ϕ : U0 → M
with π ◦ ϕ = π.
In order to show that ϕ is smooth and isometric, it remains to show that ϕ is
continuous. Fix some point p ∈ U0 and let γ : [0, 1] → M be a curve between
x0 and p of length l < 40. Let moreover, γ
∗ : [0, 1] → M be a lift of γ at x1.
Choose 0 < d < 40 − l. Then every point q ∈ B(p, d) can be reached from x0,
by first following γ and then following a geodesic between p and q. The length of
the resulting curve γ′ : [0, 1] → M is less than 40. Let γ′∗ : [0, 1] → M be a lift
of π ◦ γ′ at x1. Note that γ′∗ arises from concatenating γ∗ with a curve of length
less than d. So ϕ(q) = γ′∗(1) has distance less than d from ϕ(p) = γ∗(1). This
finishes the proof of the continuity of ϕ.
Since π ◦ ϕ = π, the map ϕ preserves orientation and the vector field X . Now
for any x ∈ Σ define ϕ′(x) to be the unique intersection point of the X-trajectory
passing through ϕ(x) with Σ. Then ϕ′ : Σ → Σ is bijective continuous and
orientation preserving. Hence it has a fixed point z0 ∈ Σ.
Note that for sufficiently small ε we have
dist(z0, ϕ(z0)) ≤ dist(z0, x0) + dist(x0, ϕ(x0)) + dist(ϕ(x0), ϕ(z0))
< 2 dist(z0, x0) + dist(x0, x1) < 7 + 2 < 10.
Let now zk = ϕ
(k)(z0) ∈ U1 as long as this is defined. Those points all lie on the
trajectory through z0 and have consecutive distance dist(z0, ϕ(z0)) < 10. Hence,
40 RICHARD H BAMLER
there is a point zk0 ∈ U1 whose distance to z0 is contained in the interval [10, 20].
This implies that Σ′ = ϕ(k0)(Σ) is disjoint from Σ.
For every x ∈ Σ let σx : (ax, bx) → M be the trajectory of the vector field X
through x. That is
σ′x(s) = X(σ(s)) for all s ∈ (ax, bx) and σx(0) = x.
Here ax < bx are chosen such that (ax, bx) is the maximal domain of σx. Since
every such trajectory intersects Σ′ exactly once, we can find a function S : Σ→ R
such that for all x ∈ Σ we have S(x) ∈ (ax, bx) and σx(S(x)) ∈ Σ′. Since Σ and
Σ′ are disjoint, S vanishes nowhere. By transversality, we find that S is smooth.
Since Σ and Σ′ are disjoint, the function S is never zero. It follows that the map
S2 × [0, 1] −→ M, (x, s) 7−→ σx(s · S(x))
is a smooth embedding. Denote its image by P ⊂ M . Then P is compact and
∂P = Σ∪Σ′. Moreover, the vector field X points inwards on Σ and outwards on
Σ′ or vice versa. Since π(Σ) = π(Σ′), π ◦ ϕ = π on Σ and dπ(X|Σ) = dπ(X|Σ′)
it follows that π(P ) = π(P ), where P is the (closed) manifold that arises from P
by identifying each x ∈ Σ with ϕ(x) ∈ Σ′ and π : P → M ′ is an open map. It
follows that π(P ) ⊂M ′ is equal to a closed component of M ′. So π(M) = π(P ),
which contradicts our assumptions.
So π|B(x0,1) is indeed injective. This implies that for all r ≤ 1 we have
volg′ B(x
′
0, r) = volg B(x0, r) > cr
3 for some universal c > 0. This finishes the
proof. 
4.4. Bounded curvature around good points. We start by presenting a sim-
ple generalization of Corollary 3.3 and consequence of Proposition 3.2, which
exhibits the flavor of the subsequent results. We point out that the following
Proposition is also a consequence of the far more general Proposition 4.5 below.
Proposition 4.4. There is a continuous positive function δ : [0,∞) → (0,∞)
such that for any w, θ > 0 there are τ = τ(w), ρ = ρ(w) > 0 and K = K(w), T =
T (w, θ) <∞ such that:
Let M be a Ricci flow with surgery on the time-interval [0,∞) with normalized
initial conditions that is performed by δ(t)-precise cutoff. Let t0 > T be a time,
x0 ∈M(t0) a point and r0 > 0 and assume that
(i) θ
√
t0 ≤ r0 ≤
√
t0,
(ii) x0 is w-good at scale r0 and time t0.
Then we have ρ(x0, t0) > r1 := min{ρ
√
t0, r0} and the parabolic neighborhood
P (x0, t0, r1,−τr21) is non-singular and |Rm| < Kr−20 on P (x0, t0, r1,−τr21).
Proof. The proof is very similar to that of Corollary 3.3. Let ε0 be the con-
stant from Proposition 3.2 and Eε0, η and rε0 , δε0 : [0,∞) → (0,∞) the con-
stants and decreasing functions from Proposition 2.15. Consider the constant
δ3.2 = δ3.2(r, w, A,E, η,m) from Proposition 3.2 and assume again that it satisfies
the same monotonicity property as explained in the beginning of the proof of
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Corollary 3.3. We now choose δ : [0,∞)→ (0,∞) such that for all t > 0
δ(t) < min
{
δ3.2(
1
2
rε0(2t), t
−1, 1, Eε0, η, 0), δε0(t), t
−1}.
Consider now the Ricci flow with surgery M. Since δ(t) < δε0(t), we get
by Proposition 2.15 that every point (x, t) ∈ M with t ∈ [1
2
t0, t0] satisfies the
canonical neighborhood assumptions CNA(1
2
rε0(t0)
√
t0, ε0, Eε, η). This implies
that also every point (x, t) ∈ M˜ in the universal covering flow (see Lemma
4.2) with t ∈ [1
2
t0, t0] satisfies the same canonical neighborhood assumptions
CNA(1
2
rε0(t0)
√
t0, ε0, Eε0, η).
Next, we choose T = T (w, θ) <∞ such that
T > max{2c˜−1w−1, 2C1,3.2θ−1},
where C1,3.2 = C1,3.2(c˜w, 1, Eε0, η) is the constant from Proposition 3.2 and c˜ was
defined at the end of subsection 4.1.
Assume that t0 > T . By the choice of δ(t) and T , the surgeries on M˜ restricted
to the time-interval [1
2
t0, t0] are performed by δ(t0/2)-precise cutoff, where
δ(t0/2) < δ3.2(
1
2
rε0(t0), 2t
−1
0 , 1, Eε0, η, 0) ≤ δ3.2(12rε0(t0), c˜w, 1, Eε0, η, 0).
Moreover, M˜ has complete time-slices without boundary and the curvature on M˜
is uniformly bounded on compact time-intervals that don’t contain surgery points.
Let x˜0 ∈ M˜(t0) be a lift of x0 ∈ M(t0). Set r2 = min{ρr0(x0, t0), r3.2
√
t0,
1
2
√
t0},
where r3.2 = r3.2(c˜w, 1, Eε0, η) is the constant from Proposition 3.2. Then sect0 ≥
−r−22 on B(x˜0, t0, r2) and volt0 B(x˜0, t0, r2) ≥ c˜wr32. We now apply Proposition
3.2 to M˜ with x0 ← x˜0, t0 ← t0, r0 ← r2, r ← 12rε0(t0), w ← c˜w, A ← 1,
E ← Eε0, η ← η, m ← 0. Then we obtain that if r2 = ρ(x0, t0), then r2 >
r̂3.2(c˜w, Eε0, η)
√
t0. This implies that ρ(x0, t0) > min{min{r̂3.2, r3.2, 12}
√
t0, r0}
and hence the first claim for ρ = min{r̂3.2, r3.2, 12}. Note that with this choice of
ρ, we have r1 = min{ρ
√
t0, r0} ≤ r2.
Next, observe that by the choice of T , we have
C1,3.2δ(t0/2)
√
t0 < C1,3.2(T/2)
−1 · θ−1r0 ≤ r0.
So by the second part of Proposition 3.2, we obtain that the parabolic neighbor-
hood P (x˜0, t0, r2,−τ3.2(c˜w, 1, Eε0, η)r22) is non-singular and that we have |Rm| <
K0,3.2(c˜w, 1, Eε0 , η)r
−2
2 there. This implies the second claim since r1 ≤ r2. 
4.5. Bounded curvature at bounded distance from sufficiently collapsed
and good regions. We now extend the curvature bound from Proposition 4.4 to
balls of larger radii Ar0. It is crucial here that by assuming sufficient collapsedness
around the basepoint (depending on A), we don’t have to impose an assumption
of the form r0 < r(w,A)
√
t0 as in Proposition 3.2. So the quantity Ar0t
−1/2
0 can
indeed be chosen arbitrarily large.
Proposition 4.5. There is a continuous positive function δ : [0,∞) → (0,∞)
such that for any w, θ > 0 and 1 ≤ A <∞ there are τ = τ(w), ρ = ρ(w,A), w =
w(w,A) > 0 and K(w,A), T (w,A, θ) <∞ such that:
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Let M be a Ricci flow with surgery on the time-interval [0,∞) with normalized
initial conditions that is performed by δ(t)-precise cutoff and let t0 > T . Choose
x0 ∈M(t0) and r0 > 0 and assume that
(i) θ
√
t0 ≤ r0 ≤
√
t0,
(ii) x0 is w-good at scale r0 and time t0,
(iii) volt0 B(x0, t0, r0) < wr
3
0.
Then |Rm| < Kr−20 on B =
⋃
t∈[t0−τr20 ,t0]B(x0, t, Ar0) and there are no surgery
points on B.
In particular, if r0 ≥ ρ(x0, t0), then ρ(x0, t0) > ρ
√
t0 and the curvature estimate
becomes |Rm| < Kt−10 .
Proof. We first set up an argument in the spirit of the proof of Corollary 3.3.
Choose ε0 > 0 to be smaller than the corresponding constant in Lemma 3.11
and the constant ε˜0 in Lemma 4.3. By Proposition 2.15 there are decreasing
continuous positive functions rε0, δε0 : [0,∞) → (0,∞) such that if δ(t) ≤ δε0(t)
for all t ∈ [0,∞), then every point (x, t) ∈M satisfies the canonical neighborhood
assumptions CNA(rε0(t)
√
t, ε0, E, η) for any constants 0 < η < η, Eε0 < E <∞.
Without loss of generality, we can assume that E > E0,3.11(ε0) and η < η0,3.11
where E0,3.11 and η0,3.11 are the constants from Lemma 3.11. Consider the constant
δ3.11(w
′, A′, r′, ε0, E, η) and assume that it depends on its parameters w′, A′, r′ in
a monotone way, i.e. δ3.11(w
′′, A′′, r′′, ε0, E, η) ≤ δ3.11(w′, A′, r′, ε0, E, η) whenever
w′′ ≤ w′, A′′ ≥ A′ and r′′ ≤ r′. Let δ4.4 be the constant from Proposition 4.4 and
assume that for all t > 0
δ(t) < min
{
δ3.11(t
−1, t, 1
2
rε0(2t), ε0, E, η), δε0(t), δ4.4(t), t
−1}.
By Proposition 4.4, and for large enough T depending on w and θ, we have
ρ(x0, t0) > r1 = min{ρ4.4(w)
√
t0, r0} and |Rm| < K4.4(w)r−20 on the non-singular
parabolic neighborhood P (x0, t0, r1,−τ4.4(w)r21). In particular, this shows how
the last assertion of the proposition follows from the first one.
It remains to prove the first assertion. Consider the constants τ4.4(w), K4.4(w)
from Proposition 4.4 and set
γ = γ(w) = 1
10
min
{
1, τ
1/2
4.4 (w), K
−1/2
4.4 (w)
}
.
Consider the universal covering flow M˜ ofM as described in Lemma 4.2 and let
x˜0 ∈ M˜(t0) be a lift of x0. By the choice of γ we have
|Rm| < (γr0)−2 on P (x˜0, t, γr0,−(γr0)2) for all t ∈ [t0 − (γr0)2, t0]
and voltB(x˜0, t, γr0) >
1
10
c˜w(γr0)
3 for all such t. We now argue that for suffi-
ciently large T , depending on w,A, we can apply Lemma 3.11(a) withM← M˜,
x˜0 ← x0, t0 ← t ∈ [t0 − (γr0)2, t0], r0 ← γr0, w ← 110 c˜w, A ← γ−1(A +
1), r ← 1
2
rε0(t0), η ← η, ε ← ε0, E ← E. First, choose T = T (w,A, θ)
large enough such that 2T−1 < 1
10
c˜w and 1
2
T > γ−1(A + 1). Observe that
for all (x′, t′) ∈ M with t′ ∈ [1
2
t0, t0] the canonical neighborhood assumptions
CNA(1
2
rε(t0), ε0, E, η) hold. So these canonical neighborhood assumptions also
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hold for all (x′, t′) ∈ M˜ with t′ ∈ [1
2
t0, t0]. Moreover, by the choice of T , we have
δ(t′) < δ3.11( 110 c˜w, γ
−1(A + 1), 1
2
rε0(t0), ε0, E, η) for all t
′ ∈ [1
2
t0, t0]. So Lemma
3.11(a) can be applied and we conclude that for any t ∈ [t0− (γr0)2, t0] the points
in B(x˜0, t, (A + 1)r0) ⊂ M˜(t) satisfy the canonical neighborhood assumptions
CNA(γρ˜3.11r0, ε0, E, η). Here ρ˜3.11 = ρ˜3.11(
1
10
c˜w, γ−1(A+ 1), ε0, E, η).
Set τ = τ(w) = γ2(w) and K = γ−2max{ρ˜−23.11, E2}. So, if |Rm|(x, t) ≥ Kr−20
for some t ∈ [t0 − τr20, t0] and x ∈ B(x˜0, t, (A+ 1)r0), then
|∇|Rm|−1/2|(x, t) < η−1 (4.1)
and (x, t) is a center of a strong ε0-neck or an (ε0, E)-cap or the component of
M(t) in which x lies has positive, E2-pinched sectional curvatures. In the last
case we are done, since K ≥ E2. So assume that (x, t) is a center of a strong
ε0-neck or an (ε0, E)-cap.
Fix some t ∈ [t0 − τr20, t0]. Let a ≤ A be maximal with the property that
|Rmt| < Kr−20 on B(x˜0, t, ar0). If a = A, we are done, so assume a < A. By
(4.1), we can conclude that (compare also with Lemma 3.5)
|Rmt| < 4Kr−20 on B(x˜0, t, ar0 + 12ηK−1/2r0). (4.2)
By the choice of a we can find a point x˜1 ∈ M˜(t) of time-t distance exactly
ar0 from x˜0 with |Rm|(x˜1, t) = Kr−20 . So (x˜1, t) is a center of an ε0-neck or an
(ε0, E)-cap in M˜(t).
Let x1 ∈ M(t) be the projection of x˜1. By (4.2) and volume comparison,
we can crudely estimate that for some constant C = C(w,A) < ∞, which only
depends on w,A, and some universal constant C ′ <∞
voltB(x1, t,
1
2
ηK−1/2r0) < voltB(x0, t, ar0 + 12ηK
−1/2r0)
< C(A,K) voltB(x0, t,
1
10
r0) < C
′C(A,K) volt0 B(x0, t0, r0)
< C ′C(w,A)wr30. (4.3)
If (x˜1, t) is a center of an ε0-neck, then we obtain a contradiction using Lemma
4.3 assuming w is chosen small enough such that C ′C(w,A)w < w˜0(12ηK
−1/2)3
(here w˜0 is the constant from Lemma 4.3). So assume for the rest of the proof
that (x˜1, t) is a center of an (ε0, E)-cap U ⊂ M˜(t). Let K ⊂ U be a compact
subset such that x˜1 ∈ K and U \ K is an ε0-neck and let y˜ ∈ U be a center
of this neck. By Definition 2.8 we have γ−2r−20 ≤ E−2Kr−20 ≤ |Rm| ≤ E2Kr−20
on U . So x˜0 6∈ U and hence the minimizing geodesic segment between x˜0 and
x˜1 passes through the whole ε0-neck U \K. So for sufficiently small ε0 we have
distt(x˜0, y˜) < distt(x˜0, x˜1) = ar0. In particular, for the projection y of y˜ we find
B(y, t, 1
2
ηE−1K−1/2r0) ⊂ B(x0, t, ar0+ 12ηK−1/2r0). Now again, using Lemma 4.3
and (4.3), we conclude
w˜0
(
1
2
ηE−1K−1/2
)3
r30 < voltB(y, t,
1
2
ηE−1K−1/2r0) < C
′C(w,A)wr30.
This yields a contradiction for sufficiently small w, depending on w and A.
44 RICHARD H BAMLER
It remains to show that there are no surgery points on B. To see this, observe
that |Rm| < Kθ−2t−10 on B, but by (3.6) we have
|Rm|(x, t) > c′δ−2(t)t−1 ≥ c′δ−2(T/2)t−10 ≥ 14c′T 2r−20
at every surgery point (x, t) ∈M for some universal c′ > 0. So choosing T large
enough, depending on w,A and θ, yields the desired result. 
4.6. Curvature control at points that are good relative to regions whose
boundary is geometrically controlled. Next, we generalize Proposition 4.4
to points that are good relative to some open set U . In order to do this, we need
to assume that the metric around the boundary of U is sufficiently controlled on
a time-interval of uniform size.
Proposition 4.6. There is a continuous positive function δ : [0,∞) → (0,∞)
such that for any w, θ > 0 there are α = α(w) > 0 and K = K(w), T = T (w, θ) <
∞ such that:
Let M be a Ricci flow with surgery on the time-interval [0,∞) with normalized
initial conditions that is performed by δ(t)-precise cutoff and let t0 > T . Let
0 < r0 ≤
√
t0 and consider a sub-Ricci flow with surgery U ⊂M (see Definition
2.5) on the time-interval [t0 − r20, t0], whose time-slices U(t) are closed subsets of
M(t). Finally, let x0 ∈ U(t0) be a point and assume that
(i) θ
√
t0 ≤ r0 ≤
√
t0,
(ii) for all x ∈ ∂U(t0), the parabolic neighborhood P (x, t0, 2r0,−r20) is non-
singular and we have |Rm| < r−20 there,
(iii) x0 is w-good at scale r0 relative to the interior of U(t0) at time t0.
Then the parabolic neighborhood P (x0, t0, αr0,−α2r20) is non-singular and we have
|Rm| < Kr−20 there.
Proof. The idea of the proof will be to apply Proposition 3.2 to the universal cov-
ering flow U˜ of U (see Lemma 4.2). So our main task will be to verify assumptions
(i) and (ii) of that Proposition. Besides that, the proof essentially follows along
the lines of the proof of Proposition 4.4.
We first choose the function δ(t). Let ε0 > 0 be the constant from Proposi-
tion 3.2 and consider the constants Eε0, η and the functions δε0(t), rε0(t) from
Proposition 2.15. So if δ(t) < δε0(t) for all t ≥ 0, then M satisfies the canonical
neighborhood assumptions CNA(rε0(t)
√
t, ε0, Eε0 , η). Without loss of generality,
we assume that rε0(t)→ 0 as t→∞. Similarly as in the proof of Proposition 4.4
or Corollary 3.3, we assume that
δ(t) < min
{
δ3.2(
1
2
rε0(2t), t
−1, 1, Eε0 , η, 0), δε0(t), t
−1, 1
}
, (4.4)
where δ3.2 is the constant in Proposition 3.2, which we assume to satisfy the
before-mentioned monotonicity property. Furthermore, we assume that T =
T (w, θ) is large enough such that 2T−1 < c˜w and such that rε0(t) <
1
10
θmin{1,
E−1ε0 , ε0} for all t ≥ 12T .
We now present the main argument. By assumption (ii), we can consider the
case in which B(x0, t0, r0) ⊂ U(t0). Our goal will be to apply Proposition 3.2 in
LONG-TIME BEHAVIOR OF 3D RICCI FLOW — A 45
the universal covering flow U˜ of U (see Lemma 4.2) at a lift (x˜0, t0) ∈ U˜(t0) of
(x0, t0) ∈ U(t0). We first check that all points (x, t) ∈ U˜ with t ∈ [t0 − 12r20, t0]
satisfy the canonical neighborhood assumptions CNA(1
2
rε0(t0)
√
t0, ε0, Eε0, η). To
do this, consider first a point (x, t) ∈ U ⊂ M with t ∈ [t0 − 12r20, t0] ⊂ [12t0, t0].
By the previous conclusion, (x, t) satisfies the desired canonical neighborhood as-
sumptions inM. We now argue that (x, t) satisfies those canonical neighborhood
assumptions also in U . If |Rm|−1/2(x, t) > 1
2
rε0(t0)
√
t0, then there is nothing to
show. So assume that (the second inequality holds by the choice of T )
|Rm|−1/2(x, t) ≤ 1
2
rε0(t0)
√
t0 <
1
20
θmin{1, E−1ε0 , ε0}
√
t0
≤ 1
10
(
max{1, Eε0, 2ε−10 }
)−1
r0. (4.5)
Then, in particular, |Rm|(x, t) > r−20 , which implies by assumption (ii) that
(x, t) 6∈ P (x′, t0, 2r0,−r20) for all x′ ∈ ∂U(t0) and hence B(x, t, 110r0) ⊂ U(t)
(recall from Definition 2.5 that the boundary ∂U(t′) is constant in time). The
point (x, t) is a center of a strong ε0-neck or an (ε0, Eε0)-cap in M. The time-t
slice of this strong ε0-neck or (ε0, Eε0)-cap is contained in the ball (compare with
(4.5))
B
(
x, t,max{Eε0, 2ε−10 }|Rm|−1/2(x, t)
) ⊂ B(x, t, 1
10
r0) ⊂ U(t).
Moreover, if (x, t) is the center of a strong ε0-neck, then parabolic domain of
this strong neck can be chosen such that its initial time is larger than t −
2|Rm|−1(x, t) > t0 − 12r20 − 150r20 > t − r20. So (x, t) in fact satisfies the canoni-
cal neighborhood assumptions CNA(1
2
rε0(t0)
√
t0, ε0, Eε0, η) in U . It follows that
all points (x, t) ∈ U˜ with t ∈ [t0 − 12r20, t0] satisfy those canonical neighborhood
assumptions in U˜ .
Let x˜0 ∈ U˜(t0) be a lift of x0 ∈ U(t0). Note that all surgeries on U˜ in the
time-interval [t0 − 12r20, t0] are performed by δ3.2(12rε0(t0), c˜w, 1, Eε0 , η, 0)-precise
cutoff (here we have used (4.4) and 2T−1 < c˜w). So whenever r1 ≤ min{ρ(x0, t0),
1
2
r0, r3.2(c˜w, 1, Eε0 , η)r0}, where r3.2 is the constant from Proposition 3.2, then the
first paragraph of the assumptions as well as assumptions (iii)–(v) of Proposition
3.2 are satisfied for M ← U˜ , t0 ← t0, x0 ← x˜0, r0 ← r1, w ← c˜w, A ← 1,
r ← 1
2
rε0(t0), E ← Eε0, η ← η, m← 0. We will now argue that assumptions (i)
and (ii) are satisfied for the right choice of r1, i.e. we will show that there is a
constant β = β(w) > 0 (depending only on w) such that these assumptions hold
whenever r1 ≤ min{ρ(x0, t0),min{12 , β, r3.2(c˜w, 1, Eε0, η)}r0}.
Consider first assumption (ii). Since B(x0, t0, r0) ⊂ U(t0), we have distt0(x0,
∂U(t0)) ≥ r0. Let x ∈ B(x˜0, t0, βr0) be a point that survives until some time
t ∈ [t0 − 110β2r20, t0]. Then distt0(x, ∂U˜ (t0)) > 12r0 for β < 12 and we conclude,
using distance distortion estimates and assumption (ii) of this proposition, that
distt(x, ∂U˜(t)) >
1
20
r0. So assumption (ii) of Proposition 3.2 holds if β <
1
200
.
Assumption (i) of Proposition 3.2 requires more work. Set Z = Z3.2(c˜w, 1, Eε0 ,
η). Let t1, t2 ∈ [t0− 110β2r20, t0], t1 < t2 and consider some point x ∈ B(x˜0, t0, βr0)
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that survives until time t2 and a space-time curve γ : [t1, t2] → M with end-
point γ(t2) ∈ B(x, t, 4βr0) and that meets the boundary ∂U˜ . We want to show
that for a sufficiently small choice of β we have L(γ) > Zβr0. Similarly as in
the last paragraph, we conclude that distt0(x, ∂U˜ (t0)) >
1
2
r0 if β <
1
2
and that
distt0(γ(t2), ∂U˜(t0)) >
1
4
r0 if β <
1
200
. So assume from now on that β < 1
200
. Let
now
P =
⋃
x′∈∂U˜(t0)
P (x′, t0, 14r0,−r20)
be a parabolic collar neighborhood of ∂U˜ . Recall that P is non-singular and
|Rm| < r−20 on P . Since distt0(γ(t2), ∂U˜ (t0)) > 14r0, we have (γ(t2), t2) 6∈ P and we
can find a time-interval [t′1, t
′
2] ⊂ [t1, t2] such that γ(t′1) ∈ ∂U˜ (t′1), γ([t′1, t′2)) ⊂ P
and such that distt0(γ(t
′
2), ∂U˜
′(t′2)) ≥ 14r0. Then we can estimate, using the t−1-
positive curvature condition and the fact that t2 − t1 ≤ 110β2r20,
L(γ) ≥
∫ t2
t1
√
t2 − t
(|γ′(t)|2t − 32t−1)dt ≥
∫ t′2
t′1
√
t2 − t
∣∣γ′(t)∣∣2
t
dt− βr0
≥ 1
100
∫ t′2
t′1
√
t′2 − t|γ′(t)|2t0dt− βr0.
Substituting s2 = t′2 − t and setting s21 = t′2 − t′1 yields∫ t′2
t′1
√
t′2 − t|γ′(t)|2t0dt =
1
2
∫ s1
0
∣∣∣ d
ds
γ(t′2 − s2)
∣∣∣2
t0
ds
≥ 1
2s1
dist2t0(γ(t
′
2), γ(t
′
1)) ≥
r20
32
√
t′2 − t′1
≥ 1
32β
r0.
Thus
L(γ) >
( 1
4000β
− β
)
r0.
For sufficiently small β, depending only on w, the right hand side is larger than
Zβr0. So we have verified all assumptions of Proposition 3.2.
We can finally apply Proposition 3.2 with the parameters mentioned before
and with r1 = min{ρ(x0, t0),min{12 , β, r3.2(c˜w, 1, Eε0, η)}r0}. We first obtain
that if r1 = ρ(x0, t0), then r1 > r̂3.2(c˜w, 1, Eε0, η)
√
t0, where r̂3.2 is the con-
stant from Proposition 3.2. This implies that we always have r1 > r̂1r0, where
r̂1 = r̂1(w) = min{12 , β, r3.2, r̂3.2}. Let us now assume that T = T (w, θ) is
large enough such that δ(t) < r̂1θC
−1
1,3.2(c˜w, 1, Eε0, η) for all t ∈ [12t0, t0]. Here
C1,3.2 is the constant from Proposition 3.2. Then for all t ∈ [12t0, t0], we have
C1,3.2δ(t)
√
t0 ≤ r̂1θ
√
t0 ≤ r̂1r0 < r1. So by the last part of Proposition 3.2, the
parabolic neighborhood P (x˜0, t0, r1,−τ3.2(c˜w, 1, Eε0, η)r21) is non-singular and we
have |Rm| < K0,3.2(c˜w, 1, Eε0 , η)r−21 there. This implies the result for α = α(w) =
min{r̂1, τ 1/23.2 }. 
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4.7. Controlled diameter growth of regions whose boundary is suffi-
ciently collapsed and good. In this subsection we show that if a region U in a
Ricci flow with surgery has bounded diameter at some time t1, then we can bound
its curvature and diameter from above at some slightly later time t2 > t1 if the
geometry around the boundary ∂U satisfies certain collapsedness and goodness
assumptions. The important point is hereby that the size of the time-interval
[t1, t2] does not depend on the diameter of U at time t1. We are able to guaran-
tee this independence by imposing a collapsedness condition, which depends on
the diameter of U at time t1. Note that the opposite statement is most likely
wrong, namely a bound on the diameter of U at time t1, does not necessarily
imply a bound on the diameter at earlier times t2 < t1, even under very strong
collapsedness assumptions. For example, if we consider a parabolic rescaling of
the cigar soliton, with a very small scaling factor, then the diameter of a region
around its tip contracts arbitrarily fast under the Ricci flow. The statement of
the following proposition is that in certain settings diameters, however, cannot
“expand too fast”.
The idea of the following proof is that, by an L-geometry argument similar
to Lemma 3.6, we can deduce a κ-noncollapsedness result where the constant κ
only depends on the diameter of U at time t1. Then an argument similar to the
one in the proof of Lemma 3.11(b) will help us derive more uniform canonical
neighborhood assumptions on U and finally an argument similar to the one in
the proof of Proposition 4.5 will yield a curvature bound on U .
Proposition 4.7. There is a continuous positive function δ : [0,∞) → (0,∞)
and for every w > 0 there is a τ0 = τ0(w) > 0 such that for all θ > 0 and
A < ∞ there are constants κ = κ(w,A), ρ˜ = ρ˜(w,A), w = w(w,A) > 0 and
K = K(w,A), A′ = A′(w,A), T = T (w,A, θ) <∞ such that:
Let M be a Ricci flow with surgery on the time-interval [0,∞) with normalized
initial conditions that is performed by δ(t)-precise cutoff and let t0 > T . Let
τ ∈ (0, τ0] and r0 > 0 and consider a sub-Ricci flow with surgery U ⊂ M on
the time-interval [t0 − τr20, t0]. Let x0 ∈ U(t0) be a point that survives until time
t0 − τr20. Assume that
(i) θ
√
t0 ≤ r0 ≤
√
t0,
(ii) x0 is w-good at scale r0 and time t0,
(iii) volt0 B(x0, t0, r0) < wr
3
0,
(iv) ∂U(t) ⊂ B(x0, t, Ar0) for all t ∈ [t0 − τr20, t0],
(v) U(t0 − τr20) ⊂ B(x0, t0 − τr20, Ar0).
Consider the universal covering flow M˜ of M, as described in Lemma 4.2, and
let U˜ ⊂ M˜ be the sub-Ricci flow with surgery for which U˜(t) ⊂ M˜(t) is the
preimage of U(t) under the universal covering projection πt : M˜(t) →M(t) for
all t ∈ [t0 − τr20, t0]. Then
(a) For all t ∈ [t0 − τr20, t0] all points of U˜(t) are κ-noncollapsed on scales
< r0 in M˜.
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(b) There are universal constants η > 0, E < ∞ and 0 < ε ≤ ε˜0 (where ε˜0
is the constant from Lemma 4.3), which don’t depend on w, θ, A or M,
such that for every t ∈ [t0−τr20, t0] the points in U˜(t) satisfy the canonical
neighborhood assumptions CNA(ρ˜r0, ε, E, η) in M˜.
(c) There are no surgery points in U (i.e. the Ricci flow with surgery U is
non-singular and we can write U = U(t0) × [t0 − τr20, t0]) and we have
|Rm| < Kr−20 on U(t0)× [t0 − τr20, t0].
(d) U(t) ⊂ B(x0, t, A′r0) for all t ∈ [t0 − τr20, t0].
Proof. Let ε = min{ε˜0, ε0,3.8}, where ε0,3.8 is the constant from Lemma 3.8. Con-
sider the functions δε(t), rε(t) and the constants Eε, η from Proposition 2.15 and
the function δ4.5(t) from Proposition 4.5. Without loss of generality, we may
assume that rε(t) → 0 as t → ∞. Let furthermore δ0 be the constant from
Claim 1 and δ∗(Λ, r, η) the function from Claim 2 in the proof of Lemma 3.6.
We can assume without loss of generality that δ∗ is monotone in the sense that
δ∗(Λ′, r′, η) ≤ δ∗(Λ, r, η) whenever Λ′ ≥ Λ and r′ ≤ r. Assume now that for all
t ≥ 0
δ(t) < min
{
δ∗(t, 1
4
rε(2t), η), δε(t), δ4.5(t), t
−1rε(2t), δ0, t
−1/2}.
We note that then, by Proposition 2.15, the flowsM and M˜ satisfy the canonical
neighborhood assumptions CNA(rε(t)
√
t, ε, Eε, η) at any time t.
Set τ0(w) = min{12τ4.5(w), 1} and assume that w < w4.5(w, 2A) and T >
T4.5(w, 2A, θ), where τ4.5, w4.5 and T4.5 are the constants from Proposition 4.5.
Then, by Proposition 4.5, there is a constant 0 < τ ′ = τ ′(w,A) < τ0(w) such that
the parabolic neighborhood P (x0, t0 − τr20, Ar0,−τ ′r20) is non-singular and
|Rm| < K∗1(w,A)r−20 on P (x0, t0 − τr20, Ar0,−τ ′r20) (4.6)
and such that the distance distortion on P (x0, t0 − τr20, Ar0,−τ ′r20) can be con-
trolled by a factor of 2, i.e. U(t) ⊂ B(x0, t, 2Ar0) for all t ∈ [t0−(τ+τ ′)r20, t0−τr20]
(note that since the previous parabolic neighborhood is non-singular, we can ex-
tend U to the time-interval [t0 − (τ + τ ′)r20, t0]). Moreover, we obtain the bound
|Rm| < K∗1 (w,A)r−20 on B =
⋃
t∈[t0−(τ+τ ′)r20 ,t0]
B(x0, t, 2Ar0) (4.7)
and we can assume that there are no surgery points in B.
Proof of assertion (a). We follow a modified version of the proof of Lemma
3.6. Let t1 ∈ [t0 − τr20, t0], x˜1 ∈ U˜(t1) ⊂ M˜(t1), 0 < r1 < r0 such that
P (x˜1, t1, r1,−r21) ⊂ M˜ is non-singular and |Rm| < r−21 on P (x˜1, t1, r1,−r21).
We first explain that, for sufficiently large T , we can restrict ourselves to the
case r1 >
1
2
rε(t1)
√
t1 ≥ 14rε(t0)
√
t0. Compare this statement with Claim 1 in the
proof of Lemma 3.6 (applied to M˜). As in the proof of this claim, we choose s > 0
to be the supremum over all 0 < r′1 < r0 that satisfy the properties above, meaning
that |Rm| < r′−21 on the non-singular parabolic neighborhood P (x˜1, t1, r′1,−r′21 ).
Consider first the case in which s ≤ 1
2
rε(t1)
√
t1. Then we can argue as in cases
(1), (2) of the proof of this claim. Note that case (3) does not occur since we
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can assume that for large enough T we have s ≤ 1
2
rε(t1)
√
t1 < θ
√
t0 ≤ r0. So
it remains to consider the case s > 1
2
rε(t1)
√
t1. We can then replace r1 by some
r′1 ∈ (12rε(t1)
√
t1, s). If we can prove the assertion for r1 replaced by r
′
1, then, by
volume comparison, the assertion also holds for the original r1 after reducing κ
by some uniform factor.
Let x1 ∈ M(t1) be the projection of x˜1. Consider the functions L, L and the
family of domains Dt on M based in (x1, t1) (see the proof of Lemma 3.6 for
more details). Our first goal will be to show that L(x0, t0 − (τ + 12τ ′)r20) < C3r0
for some universal C3 = C3(w,A, τ) <∞. An important tool will hereby be the
following claim, which is analogous to Claim 2 in the proof of Lemma 3.6:
Claim. For any Λ <∞ there is a T ∗ = T ∗(Λ) <∞ such that whenever t0 ≥ T ∗,
then the following holds: If t ∈ [t0 − (τ + τ ′)r20, t1), x ∈ M(t), r1 > 14rε(t0)
√
t0
and L(x, t) ≤ Λr0, then x ∈ Dt and (x, t) is not a surgery point. Even more
generally, there is a minimizing L-geodesic between (x1, t1) and (x, t) and any
such minimizing L-geodesic does not meet surgery points.
Proof. This follows by the choice of δ in (4.7) along with Claim 2 in the proof of
Lemma 3.6 (applied to M) for T ∗(Λ) = Λ. 
In contrast to the proof of Lemma 3.6, we don’t need to localize the function
L. So we will only make use of the inequality( ∂
∂t−
−△
)
L(x, t) ≥ −6, (4.8)
which holds on Dt in the barrier sense (cf [Per1, 7.1]). We will now apply a maxi-
mum principle argument to (4.8) to show that the following holds: infU(t) L(·, t) ≤
6(t1 − t) for all t ∈ [t0 − τr20, t1) or there is a t ∈ [t0 − τr20, t1) such that
inf∂U(t) L(·, t) ≤ 6(t1 − t). Assume that neither of these cases occurs. Since,
L(x1, t) ∼ const(t1 − t)2 as t → t1, there is some t′ ∈ [t0 − τr20, t1) such that
infU(t) L(·, t) ≤ 6(t1 − t) for all t ∈ [t′, t1). Choose ν > 0 small enough such that
inf∂U(t) L(·, t) > (6+ ν)(t1− t) for all t ∈ [t0− τr20, t′] and choose t∗ ∈ [t0− τr20, t′]
minimal with the property that infU(t) L(·, t) ≤ (6 + ν)(t1 − t) for all t ∈ (t∗, t1).
We now argue that then also
inf
U(t)
L(·, t) ≤ (6 + ν)(t1 − t) for all t ∈ [t∗, t1). (4.9)
Choose t∗′ ∈ (t∗, t1) such that there is no surgery time in (t∗, t∗′]. SoM restricted
to [t∗, t∗′] is a non-singular Ricci flow and hence L is continuous on this restriction
(see for example [KL1, Lemma 78.3(2)]). It follows that infU(t) L(·, t) is continuous
on [t∗, t∗′], proving (4.9).
So L(·, t∗) attains its minimum at an interior point x∗ ∈ U(t∗). This implies
that △L(x∗, t∗) ≥ 0. Since L(x∗, t∗) ≤ (6 + ν)(t1 − t∗), we have L(x∗, t∗) ≤
(3 + ν)
√
t1 − t∗ ≤ 4r0. Hence by the Claim, assuming T ≥ T ∗(4), we conclude
x∗ ∈ Dt∗ and (x∗, t∗) is not a surgery point. By the assumption on t∗, we must
then have t∗ = t0 − τr20 or L(x∗, t∗) = (6 + ν)(t1 − t∗) and ∂∂tL(x∗, t∗) ≤ −6 − ν,
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which, however, contradicts (4.8). So infU(t) L(·, t) ≤ (6 + ν)(t1 − t) holds for all
ν > 0 and t ∈ [t0−τr20, t1) and, by letting ν go to zero, we obtain a contradiction.
Consider now the case in which there is a t ∈ [t0−τr20, t1) such that inf∂U(t) L(·, t)
≤ 6(t1− t). Let x ∈ ∂U(t) such that L(x, t) ≤ 6(t1− t), i.e. L(x, t) ≤ 3
√
t1 − t ≤
3r0. By concatenating an L-geodesic between (x1, t1) and (x, t) with a constant
space-time curve on the time-interval [t0 − τr20, t], we conclude, using (4.7), as-
sumption (iv) and the fact that τ ≤ τ0 ≤ 1,
L(x, t0 − τr20) ≤ L(x, t) + C1K∗1r−20
∫ t
t0−τr20
√
t1 − t′dt′ ≤ 3r0 + C1K∗1r0.
Here C1 < ∞ is a universal constant. Thus, in both cases (i.e. in the case
in which the infimum of L can be controlled on the boundary of U as well as
in the case in which it can be controlled everywhere on U), we can find some
point y ∈ U(t0 − τr20) such that L(y, t0 − τr20) < C2r0 for some constant C2 =
C2(w,A) < ∞. Observe that by (v) we have y ∈ B(x0, t0 − τr20, Ar0). So by
extending an L-geodesic between (x1, t1) and (y, t0 − τr20) by a time-(t0 − τr20)
geodesic segment, we can conclude, using (4.6), that there is a constant C3 =
C3(w,A, τ
′) = C3(w,A) <∞ such that L(x0, t0 − (τ + 12τ ′)r20) < C3r0.
By the Claim, assuming T ≥ T ∗(C3), we find that there is a smooth minimizing
L-geodesic γ between (x1, t1) and (x0, t0 − (τ + 12τ ′)r20) that does not hit any
surgery points. We now lift γ to an L-geodesic γ˜ in M˜ starting from (x˜1, t1)
and going backwards in time. If there are no surgery times on the time-interval
[t0 − (τ + 12τ ′)r20, t1], then this is trivial. If there are, then let T i be the last
surgery time that is ≤ t1 and lift γ on the time-interval [T i, t1] to M˜(T i). Note
that γ˜(T i) ∈ U˜ i+, so we can use the diffeomorphism Φ˜i from Definition 2.1 to
determine the limit limtրT i γ˜(t). Starting from this limit point, we can lift γ on
the interval [T i−1, T i) or [t0 − (τ + 12τ ′)r20), T i) and continue the process until we
reach time t0 − (τ + 12τ ′)r20. Let x˜0 = γ˜(t0 − (τ + 12τ ′)r20) ∈ M˜(t0 − (τ + 12τ ′)r20)
be the initial point of γ˜. Then x˜0 is a lift of x0 and, by (4.7) and assumption (ii),
there is a v1 = v1(w) > 0 such that
volt0−(τ+τ ′)r20 B(x˜0, t0 − (τ + τ ′)r20, r0) > v1r30.
We consider now the functions LM˜, ℓM˜, the domains DM˜t and the reduced
volume V˜ M˜(t) in M˜ based in (x˜1, t1). By concatenating γ˜ with time-(t0 − (τ +
1
2
τ ′)r20) geodesic segments, we conclude, using the curvature bound in (4.7), that
there is some C4 = C4(w,A) <∞ such that
LM˜(x, t0 − (τ + τ ′)r20) < C4r0 for all x ∈ B(x˜0, t0 − (τ + τ ′)r20, r0).
Again, using the Claim and assuming T ≥ T ∗(C4), we conclude that B(x˜0, t0 −
(τ+τ ′)r20, r0) ⊂ DM˜t0−(τ+τ ′)r20 . So, together with the inequality t1−(t0−(τ+τ
′)r20) ≥
1
2
τ ′r20, this implies that there is some v2 = v2(w,A) > 0 such that
V˜ M˜(t0 − (τ + τ ′)r20) > v2.
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This implies the noncollapsedness in (x˜1, t1) as in the end of the proof of Lemma
3.6 (see also [Per1, 7.3], [KL1, Theorem 26.2], [Bam1, Lemma 4.2.3]).
Proof of assertion (b). The proof of this part follows along the lines of the
proof of Lemma 3.11(a). The main difference is, however, that instead of invoking
Lemma 3.6 for the non-collapsing statement, we make use of assertion (a) of this
proposition.
Observe that by (4.7), (ii) and basic volume comparison, we can choose κ =
κ(w,A) > 0 such that the κ-noncollapsedness from assertion (a) even holds for
all t ∈ [t0 − (τ + τ ′)r20, t0].
Let w,A be given and let E = max{Eε, E3.8(ε)} and η = min{η, η3.8}, where
Eε, η are the constants from Proposition 2.15 and E3.8(ε), η3.8 are the constants
from Lemma 3.8.
Assume first that the statement is false for some small 0 < ρ˜ < (K∗1 )
−1/2,
i.e. there is a time t ∈ [t0 − τr20, t0] and a point x˜ ∈ U˜(t) such that (x, t) does
not satisfy the canonical neighborhood assumptions CNA(ρ˜r0, ε, E, η) in M˜. In
particular |Rm|(x˜, t) ≥ ρ˜−2r−20 .
We now use a point picking argument to find a time t ∈ [t0 − τr20, t0] and
a point x ∈ U˜(t) that also doesn’t satisfy the canonical neighborhood assump-
tions CNA(ρ˜r0, ε, E, η) in M˜ and that additionally satisfies the following con-
dition: Set q = |Rm|−1/2(x, t) ≤ ρ˜r0. Then for any t′ ∈ [t0 − (τ + τ ′)r20, t], all
points in U˜(t′) satisfy the canonical neighborhood assumptions CNA(1
2
q, ε, E, η)
in M˜. The point (x, t) can be obtained as follows: Set first (x, t) = (x˜, t)
and q = |Rm|−1/2(x, t) ≤ ρ˜r0. If (x, t) satisfies the desired properties, then
we stop. Otherwise, we find another time t
′ ∈ [t0 − (τ + τ ′)r20, t] and point
x′ ∈ U(t′) such that (x′, t′) does not satisfy the canonical neighborhood assump-
tions CNA(1
2
q, ε, E, η) in M˜. Since we have assumed that ρ˜−2 > K∗1 and due to
(4.7), we actually have t
′ ∈ [t0− τr20, t0]. We can now replace (x, t) by (x′, t′) and
repeat the process. This process has to come to a close, since in every step we de-
crease q by a factor of 2 and M˜ satisfies the canonical neighborhood assumptions
CNA(1
2
rε(t0)
√
t0, ε, Eε, η) on [t0 − τr20, t0]. So we obtain (x, t) with the desired
properties. We furthermore conclude from (4.7) that
distt(x, ∂U˜ (t)) > 2Ar0. (4.10)
We now assume that there are no uniform constants ρ˜ and T such that assertion
(b) holds. Then for some given w,A, we can find a sequence ρ˜α → 0 and a
sequence of counterexamples M˜α, Uα, tα0 , rα0 , τα, θα, xα0 with tα0 → ∞ and
tα0 > T(a)(w,A, θ
α) (here T(a) is the constant for which assertion (a) holds) such
that there are times tα ∈ [tα0 − τα(rα0 )2, tα0 ] and points x˜α ∈ U˜α(tα) that do
not satisfy the canonical neighborhood assumptions CNA(ρ˜αrα0 , ε, E, η) in M˜.
By the last paragraph, we find times t
α ∈ [tα0 − τα(rα0 )2, tα0 ] and points xα ∈
U˜(t
α
) such that (xα, t
α
) does not satisfy the canonical neighborhood assumptions
CNA(qα, ε, E, η) in M˜ with qα = |Rm|−1/2(xα, tα) ≤ ρ˜αrα0 , but for any t′ ∈
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[t
α − (τα + τ ′)(rα0 )2, tα], all points in U˜α(t′) satisfy the canonical neighborhood
assumptions CNA(1
2
qα, ε, E, η) in M˜.
Recall that by Proposition 2.15 we must have
qα > rε(t
α
)(t
α
)1/2 ≥ 1
2
rε(t
α
0 )(t
α
0 )
1/2.
Let (x′, t′) ∈Mα be a surgery point with t′ ∈ [tα0 − τα(rα0 )2, tα0 ]. Then as in (3.6)
we have by the choice of δ
|Rm|(x′, t′) > c′δ−2(t′)t′−1 ≥ c′t′r−2ε (2t′) ≥ c
′
2
tα0 r
−2
ε (t
α
0 ) ≥ c
′
8
(tα0 )
2(qα)−2 (4.11)
and hence (qα)2|Rm|(x′, t′) > c′
8
(tα0 )
2 →∞. So, as in the proof of Lemma 3.11(a),
we conclude, using Lemma 3.5, that there is a constant c > 0 such that for large
α the parabolic neighborhood P (xα, t
α
, cqα,−c(qα)2) is non-singular and we have
|Rm| < 8(qα)−2 there.
Again, as in the proof of Lemma 3.11(a), we choose τ ∗α > 0 maximal with
the property that t
α − τ ∗α(qα)2 ≥ tα0 − (τα + τ ′)(rα0 )2 and such that the point
(xα, t
α
) survives until time t
α − τ ∗α(qα)2. After passing to a subsequence, we may
assume that the limit τ ∗∞ = limα→∞ τ
∗
α ∈ [0,∞] exists. By the conclusion in the
previous paragraph, we must have τ ∗∞ ≥ c > 0. Recall that by (4.10) we have
disttα(x
α, ∂U˜α(t
α
)) > 2Arα0 . By (4.7) and a distance distortion estimate in B,
we obtain that distt(x
α, ∂U˜α(t)) > brα0 for all t ∈ [tα − τ ∗α(qα)2, tα] and some
b = b(w,A) > 0 (actually we can choose b = b(w) > 0). So for every a < ∞ we
have distt(∂U˜
α(t), xα) > aqα for all t ∈ [tα−τ ∗α(qα)2, tα] whenever α is sufficiently
large.
So by assertion (a) of this proposition and the choice of (xα, t
α
), there is a
uniform constant κ > 0 such that: For all a < ∞ and for sufficiently large α
(depending on a) we have that for all t ∈ [tα − τ ∗α(qα)2, tα] the points in the
ball B(xα, t, aqα) are κ-noncollapsed on scales < rα0 and satisfy the canonical
neighborhood assumptions CNA(1
2
qα, ε, E, η). Therefore, we can follow the rea-
soning of the proof of Lemma 3.11(a) and apply Lemma 3.10 to the flows M˜α
restricted to [t
α − τ ∗α(qα)2, tα] and parabolically rescaled by (qα)−1. We conclude
that, after passing to a subsequence, we have convergence to a non-singular Ricci
flow on the time-interval (−τ ∗∞, 0], which has bounded curvature. So there is a
K∗2 < ∞ such that that for all 0 < τ ∗∗ < τ ∗∞ and for large α (depending on τ ∗∗)
we have (qα)2|Rm|(xα, t) < K∗2 for all t ∈ [tα − τ ∗∗(qα)2, tα]. Using Lemma 3.5
and (4.11), we can find a constant c′′ > 0 such that for large α the point (xα, tα)
survives until time t
α−(τ ∗∗+2c′′)(qα)2 and we have (qα)2|Rm|(xα, t) < 2K∗2 for all
t ∈ [tα− (τ ∗∗+2c′′)(qα)2, tα]. If τ ∗∞ <∞, we may choose τ ∗∞− c′′ < τ ∗∗ < τ ∗∞ and
conclude that for large α the point (xα, t
α
) survives until time t
α− (τ ∗∞+ c′′)(qα)2
and we have (qα)2|Rm|(xα, t) < 2K∗2 for all t ∈ [tα− (τ ∗∞+ c′′)(qα)2, tα]. Since for
large α
t
α − (τ ∗∞ + c′′)(qα)2 ≥ tα0 − τα(rα0 )2 − (τ ∗∞ + c′′)(ρ˜αrα0 )2 > tα0 − (τα + τ ′)(rα0 )2,
this gives us a contradiction to the choice of the τ ∗α. So τ
∗
∞ =∞ and again Lemma
3.10 yields that the pointed Ricci flows with surgery (Mα, (xα, tα)) subconverge
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to a κ-solution after parabolically rescaling by (qα)−1. Using Lemma 3.8, this
yields a contradiction to the assumption that the points (xα, t
α
) don’t satisfy the
canonical neighborhood assumptions CNA(qα, ε, E, η).
Proof of assertion (c). The proof is similar to the proof of Proposi-
tion 4.5. However, instead of using Lemma 3.11(a), we will invoke the canon-
ical neighborhood assumptions from assertion (b), which are independent of
the distance to x0. Choose E and η according to assertion (b) and set K =
max{ρ˜−2(w,A), E2K∗1(w,A), E2}. In the following we may assume without loss
of generality that A > 10.
Note first that by (4.7) we have |Rm| < Kr−20 on U(t0− τr20). Consider a time
t1 ∈ [t0−τr20 , t0] with the property that U restricted to [t0−τr20 , t1] is non-singular
and for which
|Rm| < 2Kr−20 on U(t) for all t ∈ [t0 − τr20, t1]. (4.12)
We will then show that we actually have
|Rm| < Kr−20 on U(t) for all t ∈ [t0 − τr20, t1], (4.13)
if w is chosen small enough depending on w and A. This fact and the observation
that for every surgery point (x′, t′) we have
|Rm|(x′, t′) > c′δ−2(t′)t′−1 ≥ c′ ≥ c′θ2t0 · r−20
will then imply assertion (c) for sufficiently large T , depending on K and θ.
So assume that U restricted to [t0 − τr20, t1] is non-singular and that (4.12)
holds. It suffices to prove the curvature bound in (4.13) for t = t1, because
otherwise we may replace t1 by t. Assume that there was a point x1 ∈ U(t1) with
|Rm|(x1, t1) ≥ Kr−20 . Then x1 6∈ B(x0, t1, 2Ar0) by (4.7). So by assumption (iv)
we have
distt1(x1, ∂U(t1)) > Ar0. (4.14)
Using (4.12), the distance distortion estimates from Lemma 3.4(a) and assump-
tion (v) we conclude that
distt1(x1, ∂U(t1)) < e
4Kr−20 (t1−t0+τr20) distt0−τr20(x1, ∂U(t0 − τr20)) < e4Kτ0 · 2Ar0.
So
distt1(x0, x1) <
(
2Ae4Kτ0 + A
)
r0. (4.15)
Let x˜1 ∈ U˜(t1) ⊂ M˜(t1) be a lift of x1. By assertion (b) we know that
(x˜1, t1) satisfies the canonical neighborhood assumptions CNA(ρ˜r0, ε˜0, E, η) in
M˜. Since |Rm|(x˜1, t1) ≥ Kr−20 ≥ (ρ˜r0)−2, the point (x˜1, t1) has a canonical
neighborhood in M˜. Note that |Rm|(x˜1, t1) ≥ Kr−20 ≥ E2K∗1r−20 and by (4.7)
we have |Rm|(x˜0, t1) < K∗1r−20 for any lift of x˜0 in M˜(t1). So the very last case
in the Definition 2.14 of the canonical neighborhood assumptions cannot occur.
Therefore, (x˜1, t1) is the center of an ε-neck or an (ε, E)-cap. In the first case set
x˜2 = x˜1 and in the second case let x˜2 ∈ M˜(t1) be the center of an ε-neck that
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bounds this cap. So in either case (x˜2, t1) is the center of an ε-neck in M˜(t1) and
distt1(x˜1, x˜2) < E|Rm|−1/2(x˜1, t1) ≤ EK−1/2r0 ≤ r0
and E−2Kr−20 ≤ |Rm|(x˜2, t1) < 2Kr−20 .
(For the last inequality, we have used (4.12) and the fact that x˜2 ∈ U˜(t1), which
follows from (4.14), assuming that without loss of generality A ≥ 1.) Let x2 ∈
M(t1) be the projection of x˜2. We can then apply Lemma 4.3 and conclude that
volt1 B(x2,
1
2
K−1/2r0) > w˜0 · 18K−3/2r30. (4.16)
Next, note that by (4.15) and the conclusion in the previous paragraph we have
distt1(x0, x2) <
(
2Ae4Kτ0 + A + 1
)
r0. (4.17)
Also, using (4.14) and assuming without loss of generality that A > 2, we find
that B(x2, t1,
1
2
K−1/2r0) ⊂ U(t1). Observe that by assumption (iv) any mini-
mizing geodesic in M(t1) connecting x0 with a point in U(t1) is contained in
B(x0, t1, 2Ar0) ∪ U(t1) and recall that by (4.7) and (4.12) we have
|Rm| < 2Kr−20 on B(x0, t1, 2Ar0) ∪ U(t1). (4.18)
Lastly, by (4.7) and distance and volume distortion estimates, there are uniform
constants 0 < β = β(w,A) < 1 and C1 = C1(w,A) < ∞, which only depend on
w and A, such that
volt1 B(x0, t1, βr0) < C1 volt0 B(x0, t0, r0). (4.19)
We now apply volume comparison to deduce a lower bound on volt1 B(x0, t1, βr0).
In order to do this, observe that, due to assumption (iv), every minimizing ge-
odesic that connects x0 with a point in U(t1) has to lie within B(x0, t1, 2Ar0) ∪
U(t1). Moreover, by (4.17)
B(x2, t1,
1
2
K−1/2r0) ⊂ B
(
x0, t1, (2Ae
4Kτ0 + A + 2)r0
)
.
So, using the curvature bound (4.18), volume comparison along minimizing geodesics
between x0 and points in B(x2, t1,
1
2
K−1/2r0) and using (4.16), we find
volt1 B(x0, t1, βr0) >
c2(w,A)β
3
(2Ae4Kτ0 + A + 2)3
volt1 B(x2, t1,
1
2
K−1/2r0)
> c2(w,A)c3(w,A)w˜0 · 18K−3/2r30.
Here c2 = c2(w,A), c3 = c3(w,A) > 0 are uniform constants, which only depend
on w and A. Together with (4.19) and assumption (iii), this yields
c2(w,A)c3(w,A)w˜0 · 18K−3/2(w,A)r30 < C1(w,A)wr30.
So for small enough w, depending only on w and A, we obtain a contradiction.
Thus with this choice of w, the bound (4.12) does indeed imply the bound
(4.13). As mentioned before, this implication proves the desired result.
Proof of assertion (d). Assertion (d) follows from assertion (c) by a distance
distortion estimate or from (4.15) in the previous proof. 
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4.8. Curvature control in large regions that are locally good every-
where. We will now show that if we only have local goodness control within
some distance to some geometrically controlled region and if we can guarantee
this control on a time-interval of uniform size, then we can deduce a curvature
bound, which is independent of this distance.
In this section, we will use the following notation: Let U ⊂ M be a sub-
Ricci flow with surgery of M, t be a time for which U(t) is defined and d ≥ 0.
Then we denote the time-t d-tubular neighborhood around ∂U(t) in U(t) by
BU (∂U, t, d) = B(∂U(t), t, d)∩U(t). The parabolic neighborhood PU(∂U, t, d,∆t)
is defined similarly.
Proposition 4.8. There is a continuous positive function δ : [0,∞) → (0,∞)
such that for every w, θ > 0 and A <∞ there are constants K = K(w,A), T (w,
A, θ) <∞ such that the following holds:
Let M be a Ricci flow with surgery on the time-interval [0,∞) that is performed
by δ(t)-precise cutoff and whose time-slices are closed and let t0 > T . Consider
a sub-Ricci flow with surgery U ⊂ M on the time-interval [t0 − r21, t0]. Let
r1, r0, b > 0 be constants such that
(i) θ
√
t0 ≤ r1 ≤ r0 ≤ 12
√
t0,
(ii) for all x ∈ ∂U(t0) we have |Rm| ≤ Ar−21 on P (x, t0, r1,−r21),
(iii) for every t ∈ [t0−r21, t0] and x ∈ BU(∂U, t, b), the point x is locally w-good
at scale r0 and time t or |Rm|(x, t) ≤ Ar−21 .
Then for every t ∈ (t0 − r21, t0] and x ∈ BU(∂U, t, b) we have
|Rm|(x, t) < K((b− distt(∂U(t), x))−2 + (t− t0 + r21)−1).
Proof. Let δ(t) be an arbitrary function that goes to zero as t → ∞. Then for
sufficiently large t (depending on w, A and θ), we can use Definition 2.11(3) and
volume comparison to conclude that no surgery point of M(t) is locally w-good
at scale r0 and the curvature at every surgery point satisfies |Rm| > Ar−21 . So
we can assume in the following that there are no surgery points in the space-time
neighborhood
B =
⋃
t∈(t0−r21,t0]
BU(∂U, t, b).
Consider the function
f : (x, t) 7−→ |Rm|(x, t)((b− distt(∂U(t), x))−2 + (t− t0 + r21)−1)−1
on B. Since B is free of surgery points, we find that |Rm| and hence f is bounded
on B (by a non-universal constant).
In the following, we will bound the supremum H of f . Choose some (x1, t1) ∈ B
where this supremum is attained up to a factor of 2, i.e. f(x1, t1) >
1
2
H and set
Q = r21|Rm|(x1, t1). Observe that
Q > f(x1, t1) >
1
2
H. (4.20)
Now if H ≤ max{2, 2A}, then we are done, assuming K > max{2, 2A}. So
assume in the following that H > max{2, 2A}. This implies, in particular, that
56 RICHARD H BAMLER
Q > f(x1, t1) >
1
2
H > max{1, A} and hence by assumption (iii) that the point
x1 is locally w-good at scale r0 and time t1. Moreover, by assumption (ii),
(x1, t1) 6∈ P (x, t0, r1,−r21) for all x ∈ ∂U(t0). (4.21)
Set d1 = distt1(∂U(t1), x1), a = r
−1
1 (b− d1) and observe that
Qa2 > f(x1, t1) >
1
2
H > 1 and Q(t1 − t0 + r21)r−21 > f(x1, t1) > 12H.
(4.22)
So for all t ≥ 1
4
(t1 − t0 + r21) + t0 − r21 and x ∈ BU(∂U, t, d1 + 12ar1) we have
|Rm|(x, t) ≤ H((b− distt(∂U(t), x))−2 + (t− t0 + r21)−1)
≤ H(4a−2r−21 + 4(t1 − t0 + r21)−1) < 16Qr−21 . (4.23)
For a moment fix some arbitrary x ∈ BU (∂U, t1, d1 + 14ar1) and choose ∆t >
0 maximal with the property that t1 − ∆t ≥ 14(t1 − t0 + r21) + t0 − r21 and
distt(∂U(t), x) < d1 +
3
8
ar1 for all t ∈ (t1 − ∆t, t1]. We will now estimate the
distance distortion between x and any point x0 ∈ ∂U using Lemma 3.4(b).
Using (4.23) we find that for all t ∈ [t1 − ∆t, t1] we have |Rm| < 16Qr−21
on B(x, t, 1
8
ar1) ∩ U(t) ⊂ BU(∂U, t, d1 + 12ar1). Moreover, by (4.22), we have
1
8
Q−1/2r1 < 18ar1. By assumption (ii) and distance distortion estimates, we can
also find a uniform 0 < β = β(A) < 1
2
such that for all t ∈ [t1 − ∆t, t1] and all
y ∈ ∂U(t) we have B(y, t, βr1) ⊂ B(y, t0, r1) and |Rm| < β−2r−21 on B(y, t, βr1).
So for all t ∈ [t1 −∆t, t1] we have
|Rm| < (min{1
8
Q−1/2, β})−2r−21
on B(x0, t, βr1) ∪ B
(
x, t,min{1
8
Q−1/2, β}r1
)
and thus Lemma 3.4(b) yields
d
dt
distt(x0, x) > −C
(
min{1
8
Q−1/2, β})−1r−11
for some universal constant C <∞. This implies that for all t ∈ [t1 −∆t, t1] we
have
distt(x0, x) ≤ dt1(x0, x) + C
(
min{1
8
Q−1/2, β})−1r−11 (t1 − t)
for all t ∈ [t1 −∆t, t1]. Letting x0 vary over ∂U yields
distt(∂U(t), x) ≤ d1 + 14ar1 + C
(
min{1
8
Q−1/2, β})−1r−11 (t1 − t)
So, by the definition of ∆t and using (4.22) and (4.20), we obtain (recall that
Q > 1
2
H > 1)
∆t ≥ min
{ 1
8
ar1
C
(
min{1
8
Q−1/2, β})−1r−11 , 34(t1 − t0 + r
2
1)
}
> c′min
{
aQ−1/2, aβ,HQ−1
}
r21
> cmin
{
H1/2Q−1, H1/2Q−1/2, HQ−1
}
r21 = cH
1/2Q−1r21
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for some universal c′ > 0 and some c = c(A) > 0. Note that x ∈ BU(∂U, t1, d1 +
1
4
ar1) was chosen arbitrarily. So by the choice of ∆t, we find that for any such x
and any t ∈ [t1 − cH1/2Q−1r21, t1] we have
distt(∂U(t), x) < d1 +
3
8
ar1 < d1 +
1
2
ar1. (4.24)
Moreover, by (4.23), we conclude that |Rm| < 16Qr−21 on P ′ = PU(∂U, t1, d1 +
1
4
ar1,−cH1/2Q−1r21). So, in particular, P ′ does not contain surgery points. More-
over, by (4.24), we have
P ′ ⊂
⋃
t∈[t1−cH1/2Q−1r21,t1]
BU
(
∂U, t, d1 +
1
2
ar1
)
.
By the t−1-positivity of the curvature on M, we have sec ≥ −F (Qr−21 t0)Qr−21
on P ′, where F : [0,∞) → [0,∞) is a decreasing function that goes to zero on
the open end. Since F (Qr−21 t0) ≤ F (4Q) ≤ F (H), we have the bound sec ≥
−F (H)Qr−21 on P ′. Next, using (4.21) and using the constant 0 < β = β(A) < 1
from before, we get that distt1(∂U(t1), x1) > βr1. Then
P
(
x1, t1,min{β, 14a}r1,−cH1/2Q−1r21
) ⊂ P ′.
Define S : (0,∞) → (0,∞) by S(x) = min{F−1/2(x), 1
8
x1/2, 1
2
βx1/2, c1/2x1/4}.
Then S(x)→∞ as x→∞ and we find, using (4.22) and (4.20), that
1
4
a > 1
8
H1/2Q−1/2 ≥ S(H)Q−1/2,
β ≥ 1
2
βH1/2Q−1/2 ≥ S(H)Q−1/2,
cH1/2Q−1 ≥ S2(H)Q−1.
This yields the bound
sec ≥ −S−2(H)Qr−21 on P (x1, t1, S(H)Q−1/2r1,−S2(H)Q−1r21).
In particular ρr0(x1, t1) ≥ S(H)Q−1/2r1 (observe that S(H)Q−1/2r1 ≤ βr1 ≤ r0).
So by property (iii), we conclude that for r = S(H)Q−1/2r1 we have volt1 B˜(x˜1,
t1, r) > c˜wr
3, where B˜(x˜1, t1, r) denotes the universal cover of the ball B(x1, t1, r).
We can now lift the flow on P (x1, t1, r,−r2) to this universal cover, rescale it
parabolically by r−1 and use Lemma 3.12 to obtain
Qr−21 = |Rm|(x1, t1) < K0,3.12(c˜w)τ−10,3.12(c˜w)r−2 = K0,3.12τ−10,3.12S−2(H)Qr−21 .
HereK0,3.12, τ0,3.12 are the constants from Lemma 3.12. The last inequality implies
S2(H) < K0,3.12τ
−1
0,3.12, which in turn implies that H is bounded by some universal
constant H0 = H0(w,A) <∞. This finishes the proof. 
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